On kaonic deuterium. 
Quantum field theoretic and relativistic covariant 

approach 

A. N. Ivanov*"^, M. Cargnelli^, M. Faber§, H. Fuhrmann] 

■^"' V. A. Ivanova", J. MartonfN. I. Troitskaya^^ J. Zmeskal^ 

O 

^ : February 8, 2008 

Atominstitut der Osterreichischen Universitdten, Arbeitsbereich Kernphysik und 

Nukleare Astrophysik, Technische Universitdt Wien, 
Wiedner Hauptstr. 8-10, A-IO4O Wien, Osterreich 

und 

^ ! Institut fiir Mittelenergiephysik Osterreichische Akademie der Wissenschaften, 

fT^ ' Boltzmanngasse 3, A- 1090, Wien, Osterreich 

O ' Abstract 

\D 

O . 

Tjj- , theoretic and relativistic covariant approach we derive the energy level displacement 

^p ' of the ground state of kaonic deuterium in terms of the amplitude of K~d scattering 

for arbitrary relative momenta. Near threshold our formula reduces to the well- 
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/\ • width of the energy level of the ground state of kaonic deuterium is estimated using 

^ . the theoretical predictions of the partial widths of the two-body decays Axd -^ NY 

and experimental data on the rates of the A'^y-pair production in the reactions 
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the ground state of kaonic deuterium we predict eis = (353 it 60) eV. 
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1 Introduction 

Kaonic deuterium A^d is an analogy of hydrogen with an electron and the proton replaced 
by the K~ meson and the deuteron, respectively. The relative stability of kaonic deuterium 
is fully due to Coulomb forces |I]-|Z|- The Bohr radius of kaonic deuterium, is 

aB = — = -(— + — ]=Q9im, (1.1) 

/xa a yniK rndy 

where /i = rriKmd/ {rriK +md) = 391 MeV is a reduced mass of the K~d system, calculated 
at rriK = 494 MeV and rup = 1876 MeV P, and a = e^/hc = 1/137.036 is the fine- 
structure constant S^. Below we use the units h = c = 1, then a = e^ = 1/137.036. Since 
the Bohr radius of kaonic hydrogen is much greater than the range of strong low-energy 
interactions -Rgtr ~ I/^^tt- = 1.42 fm and the radius of the deuteron r^ = 4.32 fm [Hj, the 
strong low-energy interactions can be taken into account perturbatively PP-[Z|- 

According to Deser, Goldberger, Baumann and Thirring U the energy level displace- 
ment of the ground state of kaonic deuterium can be defined in terms of the S-wave 
amplitude /q^ '^{Q) of low-energy K~d scattering as follows 

-eu + ^^ = Jfo^-'{0)msm^ (1-2) 

where ^1^15(0) = I/a/vto^ is the wave function of the ground state of kaonic hydrogen at 
the origin and /q^ '^(0) is the amplitude of K~d scattering in the S-wave state, calculated 
at zero relative momentum Q = of the K~d pair. The DGBT formula can be rewritten 
in the equivalent form 

-ei. + ^^ = 2aV/o''"'(0), (1.3) 

where 2a^/i^ = 602eVfm~^ and /g^ '^(O) is measured in fm. The formula ()1.3j) is used by 
experimentalists for the analysis of experimental data on the energy level displacement of 
the ground state of kaonic deuterium ^j . 

For non-zero relative momentum Q the amplitude /q^ "^{Q) is defined by 

/o^"^(Q) = ^ {vr'iQ)e^<~'^^^ - 1), (1.4) 

where 7]^ '^{Q) and 6q '^{Q) are the inelasticity and the phase shift of the reaction K~ + 
d -^ K~ + d, respectively. At relative momentum zero, Q = 0, the inelasticity and the 
phase shift are equal to rj^ '^(O) = 1 and 6q '^(O) = 0. For Q ^ the phase shift 
behaves as 6q "^(Q) = a^ '^ Q + O^Q"^), where a^ "^ is the S-wave scattering length of 
K~d scattering. 

The real part of /q^ '^(O) is related to a^ '^ as 

7^e^^''^(0) = a^'^. (1.5) 

Due to the optical theorem the imaginary part of the amplitude f^ ''(O) can be expressed 
in terms of the total cross section o",f '^{Q) for K~d scattering in the S-wave state 

Jm/o^-<^(0) = hm £ao^-^(g) = \ ]\ny^ {I - r^^'^Q) cos 26^- \Q)). (1.6) 



The r.h.s. of (jl.6|) can be transcribed into the form 

Hence, according to the DGBT formula the energy level displacement of the ground state 
of kaonic hydrogen is defined by 



ei, = -2aV^e/o^ '^(0) = -2aVa^ "^ 



' 
„3,,2t-™ -f^~'^/'n^ _ 0^3,, 2"% (v) 



Tis = 4aV2:m/o''~''(0) = -2aV 



:u 



dQ 

These are general expressions describing the energy level displacement of the ground state 
of kaonic deuterium. 

The paper is organised as follows. In Section 2 we give the wave function of the ground 
state of kaonic deuterium in the momentum and the particle number representations. We 
derive the general formula for the energy level displacement of the ground state of kaonic 
deuterium in terms of the amplitude of K~d scattering for arbitrary relative momenta 
of the K~d pair and define the S-wave amplitude f^ "^(0) of elastic K~d scattering in 
terms of the S-wave amplitudes of elastic K~p, K~n and K~{pn)za,^ scattering, where the 
np pair couples in the ^Si state with isospin zero. In Section 3 we compute the S-wave 
amplitude of elastic K'n scattering near threshold. In Section 4 we derive the Ericson- 
Weise formula for the S-wave scattering length of K~d scattering. In Section 5 we adduce 
the general formula for the S-wave amplitude of elastic K~pn scattering, saturated by 
the intermediate two-baryon states NY = nA°, nE° and pE~. In Sections 6, 7 and 8 
we compute the amplitudes of the reactions K~{pn)3Si -^ NY — >• K~{pn)3s-^ with the 
NY pair in the '^Pi and ^Pi states for NY = nA^, nTP and pS~ pairs, respectively. We 
compute the contribution of these reactions to the energy level displacement of the ground 
state of kaonic hydrogen. In Section 9 we compare our results with experimental data on 
the rates of the reactions K~d —>■ nA^, K~^d -^ nTP and K~d -^ pS~, other theoretical 
approaches and estimate the expected value of the total width and the shift of the ground 
state of kaonic deuterium, which are Fi^ = (630 ± 100) eV and ei^ = (325 ± 60) eV. In the 
Conclusion we discuss the obtained results. In Appendix A we show that the wave function 
of the kaonic deuterium, which we use for the calculation of the energy level displacement 
of the ground state of kaonic deuterium, describes the bound state of the np pair in the 
^Si state with isospin zero and the bound K~d system in the ground state. In Appendix B 
we compute the contribution of the elastic background to the S-wave amplitude of elastic 
K~n scattering near threshold. The calculation is carried out within the Effective quark 
model with chiral f/(3) x f/(3) symmetry. In Appendix C we compute in the momentum 
representation the spinorial wave functions of the np pair in the ^Si state and the NY pair 
in the ^Pi and ^Pi states. In Appendix D we compute the phenomenological Lagrangians 
of the low-energy PBB, SBB and SPP interactions within Gell-Mann's unitary scheme 
of strong low-energy interactions. The masses of scalar mesons are taken infinite that 
corresponds to the use of a non-linear realization of chiral symmetry ^T] accepted for the 
analysis of strong low-energy interactions within Chiral Perturbation Theory (ChPT) by 
Gasser and Leutwyler |I2j- In Appendixes E and F we compute the amplitudes of the 
NY rescattering in the ^Pi and ^Pi states, respectively. Our procedure is equivalent to 
the procedure developed by Anisovich et al. [IH] within the dispersion relation technique. 



2 Energy level displacement and the wave function 
of kaonic deuterium in the ground state 

2.1 Energy level displacement of the ground state of kaonic deu- 
terium. General formula 

According to |l]-[ni the energy level displacement of the ground state of kaonic deuterium 
is defined by 



Fis 1 1 ■^^ f (Pk f d^q I iTLKTrid j mxTrid 



'''^' 2 4m^m,3^^f^^^7 {2Tifj {271^ ]J EK{k)Ed{k) ^ EK{q)Ed{q 

X ^l{k)M{K-{q)d{-q,Xd) ^ K'{k)d{-k,Xd))^u{q), (2.1) 

where we have averaged over polarisations of the deuteron A^ = 0, ±1, $L(fc ) and $is(^) 
are the wave functions of kaonic deuterium in the ground state in the momentum rep- 
resentation and M{K~{q)d{—q, Xj) -^ K~{k)d{—k, A^)) is the amplitude of elastic K~d 
scattering^. Due to the wave functions (^[^{k) and $is(g) the main contributions to the 
integrals over k and g come from the regions of 3-momenta k ~ l/ctB and q ~ ^/clb, 
where l/a^ ~ a/i ~ 3MeV. Since typical momenta in the integrand are much less than 
the masses of coupled particles, m^ ^ niK ^ I/ob, the amplitude of K~d scattering can 
be defined for low-energy momenta only^. 

In the low-energy limit /c, g — >■ the relation (j2.ip can be transcribed into the form 

mm 

.] 

— fi „ -\- i - 

2 PL 

-(sm) 



-eu + ^^ = - fJ'-'iO) |v^i.(0)r (1 + 6^^), (2.2) 



where S^^ is equal to |1] 

'' rriK v^ r(l/4) ^ ' 

The correction ^j!,™ is universal and related to the smearing of the wave function of exotic 
atom in the ground state around the origin r = |2]. 

For the analysis of the energy level displacement of the ground state of kaonic deu- 
terium in terms of the K~N and K~NN interactions we suggest the following. According 
to 111-0 the energy level displacement of the ground state of kaonic deuterium can be 
defined as 



Ti. ..„ (^iJ-UAA.)|T|4l),(P,A,)) 



eis + i = lim 



2 r,y-.oo 2E'x'\p)VT 



(2.4) 

=0 



^Of course, the energy level displacement of the ground state of kaonic deuterium does not depend on 
the polarisation of the deuteron and the formula H2.1|l is valid for a fixed Xd- 

^It is obvious that due to the formula H2.1|l a knowledge of the amplitude of K~d scattering for all 
relative momenta from zero to infinity should give a possibility to calculate the energy level displacement 
of the ground state of kaonic deuterium without any low-energy approximation. 



where E]^'^ (P) = \J P^ + (M^* )2 is the total energy of kaonic deuterium in the ground 
state ^ , TV is a 4-diniensional volume defined by (27r)^(5*^^'*(0) = TV 14j and T is the 
T-matrix obeying the unitary condition 



T-T^ = iTtT. (2.5) 

Then, l^^rd (-^' ^d)) is the ground state wave function of kaonic deuterium in the momen- 
tum and particle number representation. 

2.2 Wave function of kaonic deuterium in the ground state 

The wave function 1^^^^* (-P, A^)) of kaonic deuterium in the ground state we determine as 

|4!.),(P,A. = ±1)) = 

1 /" d?kK (Pk, 



I /^^^ _Ai±^ ^j2E^^'\k^ + k,)6^^\P - 4 - k,) ^,,{k^) 



(2"")'-^ ^l2EK{kK)\l2Ed{kd 






X 4_ (4)aJ(fcp, ±1/2)4(4, ±1/2) |0) 
l4l),(P,A, = 0)) = 



= t:^ / /^^^ ^i^ ^24^^)(4±M<5(='Hi^ - 4 - 4) $is(4) 
^^""^ -^ pEK{kK) pEa{kd) 

X -^ / -^"^ , ^'\ ^2E,{k, + 4) ^^^Hfe^ - 4 - kn) $.(^^) 

^^^^ -^ J 2E,{k,) J 2Er,{K) ^ 



X 4_ (fc;,)i= [aj (4, +1/2)4(4, -1/2) + 4(4, -l/2)aU4, ±1/2)]|0), (2.6) 

where $d(/c ) is the wave function of the deuteron as a bound np state with a total isospin 
zero, / = 0, and a total spin one, 5 = 1. It is normalised to unity |1] 

^'^ •Mk)? = l. (2.7) 



(2n) 

The operators Cj^^ikK), o,\,ikp.,ap) and a'l{kn,o'n) create the K~-meson, the proton and 
the neutron and obey standard canonical and relativistic covariant commutation (for the 
ii'~-meson) and anti-commutation (for the proton and the neutron) relations. In the 
Appendix A we show that the wave function p.6|l describes the np pair in the bound ^Si 
state with a total isospin zero, / = 0. One can show |4j that the wave function ()2.(ij) is 
normalised as 



•^Here M)^ "' — jtik + rna + Eis and Eis — —a^^/2 = —10.41 keV are the mass and the binding energy 
of kaonic deuterium in the ground state. 



{A';:1\P',X',)\4!\P,X,)) = {2^f2Ef\P)5^^\P'-P)5y^,,. (2.8) 

Using the wave function (j2.6p the energy level displacement of the ground state of kaonic 
deuterium can be transcribed into the form 

Ti, _ f d^kd^K ^Uk)^*^{K + k/2) fd^qd^Q^u{q)^d{Q + q/2) 



2 J (27r)6 /nT?,jT:\njp (T?-\ J (27r 



'2EK{k)2E,{K) ' ^^"' ^2EK{q)2Ep{Q 
X {2Txf5^^\K + k-Q-q) M{K-{q)p{Q,aj,) -^ K-{k)p{K,ap)) 
d'kd^K <l>*,(fc )<l>*(i? + k/2) f d^qd^Q <^u{q)'^d{Q + q/2) 



(2^^) , loT^...ih\OT? ii^\ J (2^ 



2EK{k)2E^{K) ' ^""^ ^2EK{q)2En{Q) 
X (27r)3 5^''\K + k-Q-q) M{K-{q)n{Q, a„) ^ K-{k)n{K, a„)) 

rf^fcrf^i^ $*,(A^)<l>*(i? + A^/2) f d^qd^Q <!>u{q)^d{Q + q/2) 



+ 



(2^) . /oP^rt^OP (K-\OT?. (T^^h\ J (2^ 



2EKik)2Ep{K)2E4K + k)-' ^^" ' ^j2EK{q)2E^{Q)2En{Q + q) 
X M{K-{q)p{Q, ap)n{-Q - q, a„) ^ K-{k)p{K, ap)n{-K - k, a„)) 
rf3A;rf3K <l>*,(^)$*(i? + ^/2) /-rfV'Q $i.(g)$d(Q + g/2) 



(2^) . /op r/^^op rz?_L ^^ -^ (2^ 



/2Ep(i?)2E„(ir + fc)-^ ^^"^" ^2Ep(g)2^„(Q + g-') 

X (27r)3 5(3)(^ - g ) M(p(Q, ap)n(-Q - q, a„) ^ p(i?, crp)n{-K - k, (T„)). (2.9) 

The r.h.s. of (12. 9p is expressed in terms of the amplitudes of the reactions K~p -^ K~p, 
K^n — > K^n and K~{np)3Si -^ K^{np)3Si, where the np pair couples in the ^Si with 
isospin zero. In principle, the amplitudes of the reactions K~p -^ K'p, K'n -^ K~n and 
K~(np)3Q^ — >■ K~{np)is^ should contain all corrections caused by QCD isospin-breaking 
and electromagnetic interactions and all inelastic channels induced by both strong, QCD 
isospin-breaking and electromagnetic interactions. 

We would like to accentuate that the contribution of the last term in ()2.9|) . describ- 
ing the transition np -h> np, should be dropped, since it corresponds to a disconnected 
Feynman diagram of elastic low-energy K~d scattering. 

In order to show this we represent the amplitude of elastic low-energy K'd scattering 
as 

,^,^_,.,,, .,, T^-(t\M l.X\\ V {K-{k)d{-k,\d)mK-{q)d{-qAd)) 
M{K {q)d{-q,Xd)-^K {k)d{-k, Xd)) = hm -— . 

1 ,K — >00 V ± 

(2.10) 



The wave function of the state \K {kx)d{ka, Xd)) we define as 

\K-{kK)dikd,Xd)) = i-i^KMkd,Xd)), (2.11) 

— # 

where \d{kd, Xd)) is the wave function of the deuteron in the ground state, which we take 
in the form 0]-[ni 

^ 1 r d^k d^k I Z Z — ^ ^ ^ 

\d{kd, Xd = ±1)) = — -^ / , \ ^=== \l'^Ed{kp + fc„) 5^'\kd -K- fc„) 

^^''> J j2EpfyJ2E^{K) 



X <l>d['^^^) 4(4, ±1/2)4(4, ±1/2)10), 

1^(4 Xd = 0)) = -^ / _^k^^K^ ^j2E,{k, + kn)6^'\k, - 4 - K) 



X $, (^^) -L [at (4, +l/2))at (4, -1/2) ± a^k,, -l/2))at (4, ±1/2)] |0), (2.12) 

normalised as 

{d{k',,X'MhXci)) = {2ir)''2E,{k,)6^'\k',-k,)6y^,^. (2.13) 

Following the procedure expounded in the Appendix A one can show that the wave 
function ()2.12|) describes the np pair in the bound ^Si state with isospin zero, / = 0. 

Using (J2.12J) for the calculation of the matrix elements of the T-matrix in (J2.1(J|) we 
get 

M{K-{q)d{-q,Xd) -^ K-{k)d{-k,\,)) = 

d^K d^Q <l>*(i? + k/2) ^d{Q ± g/2) 



2Ea{k)2Ed{q) 



(27r)3 (27r)3 



+ ^2Eaik)2Ed{q) J 



2Ep{K) ^j2Ep{Q 

d^K d^Q ^*^{K + k/2^d{Q + q/'2) 
(27r)3 (27r)3 



X {2'Kf5^''\K + k-Q- q)M{K~{q)p{Q,ap) -^ K-{k)p{K,ap)) 



'2En{K) y'2K(g) 
X (27r)3 5^^\K + k-Q-q) M{K-{q)n{Q, a„) ^ K-{k)n{K, a„)) 



d^K d^Q <l>*(i? + 42) ^diQ + q/2) 



(27r)3 (27r)^ ^ l2Ep{K)2E^{k + K ) j2Ep{Q )2E„(g + Q ) 



+ ^J2Ed{k)2Ed{q' 

X M{K-{q)p{Q, cjp)n{~q- Q, (t„) ^ K-{k)p{K, ap)n{-k - K, a„)) 

+ (27r)32Ex(^)<5(3)(^-g)2E,(4|^^<|.*(ie+ifc)<|.,(g + ifc 

^^ M{p{Q, (y p)n{-k - Q, (?-„) ^ p(K, ap)n{-k - i^, (T„)) 
2Ep(i?)2E„(^)2Ep(Q)2E„(^ + g) 



(2.14) 



The amplitude of low-energy elastic K~d scattering ()2.14|) can be represented by Feynman 
diagrams depicted in Fig.l. It is seen that the last term is described by the disconnected 
diagram and, therefore, it does not contribute to the amplitude of K~d scattering. Drop- 
ping this term the amplitude of low-energy elastic K~d scattering reads 

M{K-{q)d{-q,\d) ^ K-{k)d{-k,\d)) = 

d^K d^Q $*(;? + k/2) ^d{Q ± g/2) 



2Ed{k)2Ed{q[ 



(27r)3 (27r)3 



'2Ep{K) ^2Ep{Q) 
X {27if 5^''\K + k~Q-q) M{K-{q)p{Q, a^) -* K-{k)p{K, a^)) 



K- \ 



\ 



/ K- K- \ 




d 



P 



/ K- 




P 



K- \ 



\ 



n 




P 

(b) 



/- K- K- \ 



P 



n 



n 




/ K- 



P 



n 



K- 



K- 



P 



n 




P 



n 



Figure 1: Feynman diagrams of the reactions, describing the amphtude of low-energy 
elastic K~d scattering 



X (27r)3 S^^\K + k-Q-q) M{K-{q)n{Q, a„) ^ K-{k)n{K, a„)) 

c/3ir (i3Q $*(i? + ^/2) $rf(Q + g72) 



(27r)3 (27r)3 ^ /2E^{K)2E^{k + K ) \/2Ep{Q )2E„(g + Q ; 



+ i/2E,(A;)2E,(g) 

X M(ir-(gXQ, ap)n{-q- Q, a„) ^ K~(k)p{K, a^)n{-k - K, a„)). (2.15) 

Now we able to define the S-wave amplitude of elastic K~d scattering near threshold. 

2.3 S— wave amplitude of elastic K~d scattering near threshold 

From (|2.15|) the S-wave amplitude of K~d scattering near threshold can be defined by 

1 1 f d^K |$d(i?)P 



I 



+ mK/mdJ (27r)3 Ep{K) 
1 1 f d^K |$d(i?)P 



+ 



8n l + niK/mdJ (27r)3 En{K) 
1 1 f d^K d^Q $*(i?) $rf(g) 



167r 1 + niK/md J (27r)3 (27r)3 



Ep{K)En{K)JEp{Q)En{Q) 



I J2 M{K-{6)p{Q, ap)n{-Q^ ^n) - K-{6)p{K, a^M^K, a„)), 

(2.16) 



X 

3 

((Tp,o-„;3Si) 



where we have averaged over the polarisations of the np pair in the '^Si state. 

In terms of the S-wave amplitudes /q ^{K) and /q^ "-{K) of K~p and i^~n scatter- 
ing, respectively, the S-wave amplitude /q^ ''(0) reads 



+ 



l + mi^/mrf7 (27r)3 V En{K[ 

1 1 f d'K d^Q $*(;?) <i>d(g) 



16vrl + mWm.y i^-n^-)' J E,iK)E^iK) J E,{Q)E^{Q 



X I Yl M{K-{6)p{Q,ap)n{-Q^^n)^K-{0)p{K,ap)n{-K,a^)). 

(crp,(T„;3Si) 

(2.17) 
The real part TZe /g^ '^(O) of the S-wave amplitude of K~d scattering is defined by 

nefr'iO) = Y/^^^J^'' (7^e/o^--(0) +7^e/o^-"(0)) + 7^e/o^-^(0), (2.18) 
1 + TJiK/md V / 

9 



where we have set m„ = m^ = m^ and denoted 



^^^°^'^(°)^T^rT^/ 



l6nl+mK/m,J i'^^f ^'^-f J e,(K)E^(K) J E,{Q)E^{Q 



x^ Y. neM{K-{0)p{Q,ap)n{-Q,an)^K-{6)p{K,ap)n{-K,an)). (2.19) 

((Tp,cr„;^Si) 

The imaginary part Im /q^ '^(O) of the S-wave amphtude of K~d scattering is determined 
by the imaginary of the amphtude /g^ '^(0) only. This gives 

d^K d^Q <i>*(i?) $,(g) 



Xm f^ '^(0) = — / 

■" ^ ' levr l + mK/mJ 



levr 1 + m^/m, J (2vr)3 (2^)3 f^J^^^J^^ J E,{Q)E^{Q 



xi ^ JmM(i^-(0)p(g,cxX-g,a„)^K-(0)p(i?,aX-i?,a„)). (2.20) 

(o-p,cr„;3Si) 

We accentuate that the decomposition of the real part of the S-wave amplitude of K~d 
scattering, given by ()2.18p . agrees well with that suggested by Ericson and Weise for the 
S-wave scattering length of TT~d scattering [3] and by Barrett and Deloff for the S-wave 
scattering length of K~d scattering P^. 

Thus, for the calculation of the energy level displacement of the ground state of kaonic 
deuterium we have to compute the amplitudes of K~p, K~~n and K~{pn)3s^ scatter- 
ing near thresholds, /q ^(0), /q^ "(0) and /q^ '^(O), respectively. Since the amplitude 
/o ^(0) has been computed in 0, it is left to compute the real part of the amplitude 
/o^"'"(0) and the amplitude /^"'^(O). 

3 S— wave amplitude of K~n scattering near threshold 

The calculation of the S-wave amplitude /q^ "(Q) of K~n scattering near threshold we 
carry out following jH]. The amplitude of low-energy K~n scattering we represent in the 
form 

= 5^(^''*"""^^-i)+»''''""<'2'/„"-"W)h, (3.1) 

where 7]^ "'{Q) and 6^ "(Q) are the inelasticity and the phase shift of low-energy K^n 
scattering, which we describe in terms of 6q "'{Q)b, the phase shift of an elastic back- 
ground of low-energy K~n scattering, and /q^ "'{Q)r, the contribution of the resonances. 
In the low-energy limit Sq "'{Q)b = ^b "'Q^ where A^ " is a real parameter, and 

/o^-"(0) = Af -" + /o^""(0)«, (3.2) 

Since the state \K~n) has the isospin one, / = 1, we assume jB] that /q^ ^{Q)r is 
defined by the contribution of the S(1750) resonance with isospin 1=1 and strangeness 
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S = —1, the component of the 5'f/(3)flavour octet [E] ^- The effective Lagrangian of the 
E(1750)^A^-interaction reads [6j 

^E,-BP(^) = /2S2-(x)(S-(x)7r°(x)-S°(x)7r-(x)) + ^S2-(x)A°(x)7r-(x) 

— -j^ {92 - /2) ^2ix)n{x)K-{x) + h.c, (3.3) 

where /2 and (72 are the phenomenological couphng constants [Hj. The value /2 = —(72/3 
has been fixed from the experimental data on the cross sections for inelastic reactions 
K^p -^ S^'^TT^, K^p -^ S^7r° and K^p -^ A°7r°. The value g2 = 1.123 has been calculated 
from the fit of the width of the S(1750)-resonance equal to F^a = 50MeV for mass 
ms2 = 1750 Me V HE]. 

3.1 Real part of /o^'""(0)i? 

According to the real part Tie f^ "(O)h of the amplitude /q^ "'(0)_r is equal to 

7^e/o^""(0)H = ^-^l ^^ = 0.037 fm. (3.4) 

The numerical value is obtained for mx = 494 MeV and tun = 940 MeV. 

Now we should proceed to computing the contribution of the smooth elastic back- 
ground of low-energy K~n scattering. 

3.2 Elastic background of low— energy K~n scattering 

Using the results obtained in [Hj one can show that the smooth elastic background A^ " of 
low-energy elastic K~n scattering does not contain the contribution of exotic four-quark 
states ao(980) and /o(980) and, as has been pointed out in jB], can be fully determined 
within the soft-kaon theorem and current algebra approach [171^111 • The result reads jH] 

where Fk = 113 MeV is the PCAC constant of the i^-mesons [Hj and ±0.024 fm is an 
uncertainty of the current algebra approach [B'. 

As has been shown in [6j the smooth elastic background of low-energy K^n scattering 
can be also defined by the lowest quark box-diagram depicted in Fig. 2, calculated with the 
Effective quark model with chiral U{3) x f/(3) symmetry |2ni^[221- Using the reduction 
technique J2S1 the amplitude of elastic low-energy K~n scattering we define as 

(27r)^i 6^^^ iq' + p' -q-p) M{K~n -> K~n) = 

hm / d^xid'x2d^x^d'x4 ^tq'-Xr + tp'-X2-tp-x,-tq-x^ 

X (ni + ml){n^ + ml) u{p',a'J {i-f^d!^ - mN){0\T{K-{xi)n{x2)n{xs)K+{x,))\0) 
x{-i'j^d^ -mj^)u{p,an), (3.6) 



*For simplicity we denote S(1750) as S2 ■ 
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K 




Figure 2: The quark diagram describing a smooth elastic background of low-energy elastic 
K~n scattering in the Effective quark model with chiral f/(3) x ^(3) symmetry. 



where n{x) and ■u(p, a^) are the interpolating field operator and the Dirac bispinor of the 
neutron, and K^{x) are the interpolating fields of the Ji'^-mesons. 

In order to describe the r.h.s. of Eq. (j3.6|) at the quark level we follow [201 and use the 
equations of motion 



{i^yd2 -rriNJpixi] 



9b 

V2 



Vn[X2) 



3^ - f ) 

J2 



where ?7„(a;2) and r/„(x3) are the three-quark current densities [201 



(3.7) 



rin{x2) 

^n(a;3) 



- e'^" [d''iix2h^dj{x2)hf,Yuk{x2), 
+ e'^'' u^{x3)Yl^[dJ{x3h^,dl{x3)] 



(S.t 



where i,j and k are colour indices and iIj'^{x) = ipi^xY^C and C = —C^ = — C''" = —C^^ 
is the charge conjugate matrix, T denotes transposition, and qb is the phenomenological 
coupling constant of the low-lying baryon octet Bg{x) coupled to the three-quark current 
densities PU] 



-'-'int l-^J 



-^ Bs{x)ris{x) +h.c. 



(3.9) 



The coupling constant gs is equal to gs = 1.34 x 10~^MeV~^ pUj . 

For the interpolating field operators of the i^^-mesons we use the following equations 
of motion 



[n^ + mj^)K (xi) = -y=u{xi)i'j^s{xi] 



[D^ + ml)K+{x4) 



9k 

V2 



s{x4)i'y^u{x4) 



(3.10) 
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where qk = ijn + m^j^^Fx^ m = 330 MeV and rUg = 465 MeV are the masses of the 
constituent u, d and s quarks, respectively [201122] (see also ^^)- 
The amplitude of low-energy elastic K~p scattering is defined by 

M{K-n ^ K-n) = -i-^glgl I d\,d^X2d^x^ ^tq' ■ x, + tp' ■ X2 - tp ■ x, 

xu{p',a'J{0\T{u{xi)zj's{xi)r]n{x2)r]n{xs)s{0)i-fM0))\0)u{p,an). (3.11) 

where the external momenta q', p', q and p should be kept on-mass shell q'^ = q^ = m\- 
and p'"^ = p^ = m%. 

In Appendix B we have computed the vacuum expectation value. The parameter 
A^ "■, defining the smooth elastic background of low-energy K~n scattering, is equal to 

^^-„ ^ M{K-n ^ K-n) ^ ^ ^^^^4) f^i. (3.12) 

The value of the smooth elastic background of low-energy K~n scattering, calculated 
with the Effective quark model with chiral U{3) x U{3) symmetry, agrees well with that 
calculated within the soft-kaon theorem and current algebra approach ()3.5|) . 

3.3 Real part of the S— wave amplitude of K^n scattering near 
threshold and the S— wave scattering lengths of K N scat- 
tering with isospin 7 = and 7=1 

Using the results obtained in Subsections 3.1 and 3.2 we can compute the real part of the 
amplitude f^ "(0) of K~n scattering near threshold 

Tie /o^""(0) = (0.258 ± 0.024) fm. (3.13) 

Since the K~n couples in the state with isospin J = 1, the real part of the S-wave 
amplitude /g^ "(0) defines the S-wave scattering length aj of KN scattering with isospin 
1 = 1: Oq = (0.258±0.024) fm. Using the S-wave amplitude oi K~p scattering, calculated 
in 0, the S-wave scattering length Oq of KN scattering is equal to: Oq = (—1.221 ± 
0.072) fm. The values 

a° = - 1.221 ± 0.072 fm, 

al = + 0.258 ± 0.024 fm (3.14) 

we will use for the numerical calculation of the Ericson-Weise contribution jS] to the 
S-wave scattering length of K~d scattering. 

4 Amplitude of K~{pn)'i^^ scattering near threshold 

The amplitude of K~{jm)-ia,^ scattering, K~{pn)3^^ -^ K~ {j)n)za,^, can be represented in 
the form of two main contributions: (i) the amplitude, defining the S-wave scattering 
length of K~d scattering in the Ericson-Weise form, described by the Feynman diagrams 
depicted in Fig. 3 and caused by one-kaon exchanges, and (ii) the amplitude, defined by 
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^\ K- ~\ K- 
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n V_--/, p n ^ y^ n 

'\ K- '\ K- 

Figure 3: Feynman diagrams of the amplitude of the low-energy reaction K~ {pn)'i^^ — * 
K~{j)n)3Q,^ defining the Ericson-Weise contribution to the S-wave scattering length of 
K~d scattering 

the inelastic two-body K~{pn)-ia,^ — > NY and three-body K~{pn)ss-^ -^ NYn channels, 
where "K = A°, E" or S^ hyperons. 

This gives the following analytical representation of the amplitude of the reaction 
K~{pn)3s, -^ K-{pn)iSr- 



^ J2 M{K-{0)p{Q,ap)ni-Q,^n) ^ K'{6)piK,ap)ni-K,a^)) = 

= i Yl M{K-{0)p{Q, ap)n{-Q, a„) ^ K-{0)p{K, arp)n{-K, a„))Ew 

+ i Yl M{K-{0)p{Q,a,)n{-Q,ar.) ^ K-{0)p{K,ap)n{-K,an)), (4.1) 

(crp,o-„;3Si) 

where M{K^pn -^ K^pn)Ew reproduces the Ericson-Weise formula of the S-wave scat- 
tering length of K~d scattering, defined by the one-kaon exchanges, whereas M{K'pn -^ 
K~pn) is the amplitude of the reaction K^{pn)3a,-^ — > K^{pn)3Si, saturated by the inelas- 
tic two-body K~{pn)3Q,-^ — * NY with NY = nhP,nTP,pll~ and three-body K~{pn)3'g,^ — > 
NYn with NYn = nA^n^,pA^n~ ,nTi^n^,nT,'^n~ ,pTi^n~ ,pT,~n'^,nTi~n~^ reactions. 

4.1 The Ericson-Weise formula for Qq '^ scattering length 

In the low-energy approximation the amplitude M[K~pn — * K~pn)-Ew is defined in terms 
of the S-wave scattering lengths of KN scattering. For the calculation of M{K~pn -^ 
K~pn)Ew with the np pair in the ^Si state with isospin zero, / = 0, we suggest to use 
the following effective Lagrangian 

'C-esix) = p{x){i-i^d^ - mN)p{x) + n{x){i-i^d^ - mfi)n{x) 

+ d^K-\x)d^K"{x) - mlK~\x)K~{x) + d^K'^\x)d^'K\x) - mlK^\x)K\x) 



+ 47r 1 + 



^ (a° + al)K-^{x)K-{x)p{x)p{x) + - (aj - a^Q)K°^{x)K-{x)n{x)p{x) 



rriK\ 
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+4.11 + ^) 



aiK~\x)K-{x)n{x)n{x) + - (aj - al)K-\x)K^{x)p{x)n{x)\ , (4.2) 



where Oq and Oq are the S-wave scattering lengths of KN scattering with isospin / = 
and / = 1, respectively. 

The effective action for the K~pn — > K~pn transition in the one-kaon exchange 
approximation, described by the effective Lagrangian ()4.2|) . reads 

J V miv/ 

X [4aM + al)K-\x)p{x)p{x) {0\T{K-{x)K-\y))\0) n{y)n{y) K-{y) 

+ (a° - alfK-\x)p{x)n{x) {0\T{K'{x)K'\y))\0) n{y)p{y) ] K'iy). (4.3) 

The second term describes the contribution of the first diagram in Fig.3, which corresponds 
to the charge-exchange channel. 

Since in the case of isospin symmetry the vacuum expectation values of the ^-meson 
fields are equal 

{Q\T{K-{x)K-^iy)m = (0|T(i^°(a;)i^°t(^))|o) = 

= -i/\{x-y)= I- — ^ , (4.4) 

the r.h.s. of the effective action ()4.3|) can be transcribed into the form 

^(^"P") = I j d'^xdS^'nHl + '^y' ^{x-y)\Aal{al + al)K~\x)K-{y) 
J V rriN / L 

xp{x)p{x)n{y)n{y) + {al-alfK~\x)K~{y)p{x)n{x)n{y)p{y) . (4.5) 

Now we have to take into account that the np pair couples in the '^Si state with isospin 
zero, / = 0. This can be carried out by means of a Fierz transformation. Keeping only 
the term, describing the np pair in the ^Si state with isospin zero, we get 

p{x)p{x)n{y)n{y) -^ - ^pix)-f^n''{y)n''{y)-ff'p{x) + -p{x)a^^n''{y)n''{y)(7'"'p{x), 

p{x)n{x)n{y)p{y) -^ + -p{x)-f^n''{y)n''{x)-f''p{y) - -p{x)a^^n''{y)n''{x)a'"'p{y). (4.6) 

As has been shown in |2ni^[2H] the nucleon densities p{x)'')^n'^{y) and n'^{x)'-)^p{y) have 
the quantum numbers of the deuteron. In the non-relativistic limit there survives only 
the ^Si component of the np pair, whereas the ^Di state is suppressed. 

In order to understand the quantum numbers of the components of the tensor nucleon 
densities p{x)a^yn'^{y) and n'^{x)a^"p{ii) it is convenient to represent the product of the 
tensor nucleon densities as follows 

p{x)a^un''{y)n''{y)(j'"'p{x) = -2p{x)'y^^n''{y) ■ n''{y)'y'^^p{x) 

—2p{x)-y^j-y^n'^{y) ■ n'=(y)7°77^p(x), 

p{x)a^„n''{y)n''{x)a^''p{y) = -2p{x)'y^^n''{y) ■ n''{x)'y^^p{y) 

-2p(a:)7°77^n''(2/) ■ n'=(x)7°77^p(?/). (4.7) 

15 



One can show that only nucleon densities p{x)''y^'yn'^{y) and n'^{y)'y^^p{x) have the quan- 
tum numbers of the deuteron. However the contribution of the '^Di component enters with 
the sign opposite to that of the nucleon densities p{x)'y^n'^{y) and n'^{x)'y^p{y). Therefore, 
they coincide in the non-relativistic limits. Since the nucleon densities p{x)'y^'y'y^n'^{y) 
and n'^{x)'~f^'y'y^p{y) have no the quantum numbers of the deuteron, we will drop them 
from further consideration. 

In the low-energy limit, when the masses of nucleons are much greater their relative 
3-momenta, and using ()4.7|) we reduce the four-nucleon interaction in the effective action 
(l46ll to the form ^ 



J V TUN' 

X A{x - y) K-\x)K'{y)[p{x)^n\x)] ■ [n-{y)^ p{y)]. (4.8) 



S:^ '^'""'^'' = -I I d^xd^y2Ti^(l + '^) {{al-alf-Aal{al + al)) 
J V rriN'' 



,(^n) - 


■^ TT (0 )p{K, ap)n{-K, a„))Ew 


+ al)- 


(n° n^)"^) ^ 





Using the effective action ()4.8|) we obtain the amplitude of the reaction K~ {pn)z^^ —>■ 
K~ {pn)3Q,^, caused by the one-kaon exchanges, with the np pairs coupled in the ^Si states 
with isospin zero: 

M{K-{^)p{Q,ap)n{-Q,an) -^ K-{6)p{K,ap)n{-K,an))EW = 

X [u{K, ap)^n\-K, a„)] ■ [u^{-Q, an)lu{Q, ap)]. (4.9) 

At low energies the summation over polarisations of the np pair in the ^Si state gives (see 
Appendix C) 

^ Y, M{K-{6)piQ,ap)ni-Q,a^) 

((Tp,0-„) 

= Wn'ml (l + ^)' {AaM + «o) - («o " «o)') — .^ ^.. - (4-10) 

Substituting (HITH) into ^TWi we get 

/o^"^(0)ew = I (l + — ) " (l + — ) ' i<i-o + al) - (a° - alf) 
4 V rud / V tun ^ 

-^-^^^$*(i?) 1^_ ^^ $,(g). (4.11) 

The expression (14.11^ can be transcribed into the form suggested by Ericson and Weise 

m 

/o^''(0)ew = I (l + — )" (l + —)\<(< + -I) - K - air) (-), (4.12) 

where ri2 is a distance between two scatterers n and p [3| . 

^For the derivation of this effective action we have taken into account that in the non-relativistic hmit 
[p(x)7°7n^(y)] • [n'=(2/)7°7p(x)] -^ - \p{x)i n'' {y)] ■ [n'={y)^p{x)]. 
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The double scattering contribution to the S-wave amphtude oi K d scattering has 
been calculated by Kamalov et al. |4^ . In the notation by Kamalov et al. the amplitude 
/o''"'(0)ew reads 

/o^"'^(0)ew = (l + ^) ' (l + ^)' (2a,a„ - al) (^), (4.13) 

where Cp = (oq + ao)/2) o„ = aj and a^ = (oq — aQ)/2^. 
In our approach (l/ri2) is defined by 

( — \= / d'x %{f) ^^^ ^d{r) = 27d i^i ( "".^^ ) = 0.29 m., (4.14) 

where Ei{z) is the Exponential Integral [201, 7d = 1/''"^ = 0.327 m^ and \E'd(r ) is the wave 
function of the deuteron in the ground state in the coordinate representation. We have 
restricted the spatial region of the integration from below by the Compton-wavelength of 
the nucleon [^. 

The analogous calculation of the amplitude of TT~d scattering ^30j in the one-pion 
exchange approximation reproduces fully the Ericson-Weise formula 

r^(0)Ew = 2(l + ^)"(l + ^)'(6^-26?)(^), (4.15) 

where 6o = (c^o +2ag )/3 and 6o = («o ~'^o )/3 are the isoscalar and isovector S-wave 
scattering lengths of vriV scattering, Oq and Oq are the S-wave scattering lengths of vrA^ 
scattering with isospin / = 1/2 and / = 3/2 and 



\ 



ri2 



/e~ '^ / niM \ 
d'x<ii:if) ^,(f) =27,^1 ^ = 0.69 m,, (4.16) 



The numerical value ()4.16j) agrees well with the Ericson-Weise estimate (l/ri2) = 0.64 m^r 

m 

Since the S-wave scattering lengths aj] and Oq of KN scattering are equal to aj] = 
(-1.221 ± 0.072) fm and aj = (0.258 ± 0.024) fm (see dSIl), the value of /o^""'(0)ew 
amounts to 

/o^"'^(0)ew = (- 0.301 ± 0.021) fm. (4.17) 

Thus, the S-wave scattering length of K~d scattering, defined by the Ericson-Weise 
formula, is equal to 

iar%w = ^ + ^^/;"^ (a^-^ + a^--) + fJ-'iO^w = (- 0.572 ± 0.094) fm. (4.18) 
1 + mK/nid 



The term proportional to a^ is defined by the first diagram in Fig. 3. It corresponds to the charge- 



exchanged channel, which dominates in the double scattering. In our former version nucl-th/040 6053 v2 
the contribution of the double scattering contained the factor {apUn — a^.) instead of (2apa„ — a^). We 
are grateful to Avraham Gal for calling our attention to this discrepancy. The replacement of apan by 
2apa„ changes the contribution of the double scattering by 16 % only (see Ea. (l4.17|l ). The change of the 
total S-wave scattering length of K~d scattering does not go beyond the theoretical uncertainty, which 
is about 18 %. 
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The total S-wave scattering length a^ oi K d scattering is defined by 

«^' = K''"')EW + 7^e/o^"'^(0). (4.19) 

The S-wave amplitude f^ '^(0) of the reaction K~{j)n)-AQ,^ — > K~{jm)-i^^ is saturated by 
the inelastic two-body i^~(pn)3g^ — > NY and three-body K~{pn)-ASi —>■ NYtt channels 

/o (0) = /o (0) (two-body) + /o (0) (three-body), (4.20) 

where we have denoted 

/o (O)(two-body) = 2^/0 (O)Ary, 

NY 

/o (0) (three-body) = 2^ /q (0)Ary,r- (4-21) 

TVYtt 

The contribution of the reactions K^{pn);is-^ -^ NA^tctt can be neglected due to a sniall- 
ness of the phase volume. 



5 Inelastic two— body channels K (pn)^^ -^ NY. Gen- 
eral formulas 

The part of the width Fi^ of the ground state of kaonic deuterium Axd is defined by the 
decays Axd -^ NY, where NY = nA°, nS° and pS~. The other possible two-body decays 
as Axd -^ nA(1405) and Axa — ^ A^S(1385) are suppressed by the phase volume relative 
to the decays Axd — *• nA°,nS° and pT,~ pT]-j!^. 

The contribution of the decays A^d -^ nJSP,nTP and pS^ to the energy level dis- 
placement of the ground state of kaonic deuterium we take into account by computing 
the amplitude of the reaction K~{j)n)zQ,^ -^ K^ {pn)-iQ,^, defined by the inelastic channels 
K~{pn)3a,^ — > NY —y K~{pn)3Si, where NY = nA^,nI^^ and pS~. At threshold in the 
reaction K~{pn)3s-^ — > NY the NY pair can be produced in the '^Pi and ^Pi state. 

The amplitude of low-energy K~{pn)3s-^ -^ K^{pn)3s-^ scattering, caused by the con- 
tribution of two-body inelastic channels K~{pn)3s-^ —>■ NY —>■ K^ {pn)3^^ with the NY 
pair coupled in the '^Pi and ^Pi state, we define as jl] 

M(ir-(0)p(g,^p)n(-g,a„) ^ K-{Q)p{K,a^)n{-K,an)) = 



{2TT)^2En{h) (27r)32EAo(A;2) E^ih) + E^o{k2) - 2m^ - m^ - iO 
X Y, M{K-{0)p{Q,ap)n{~Q,a^) ^ n{kuai)A\k2,a2y,''Fi) 

X Minih, «i)A°(fc2, ^2) ^ K-{0)piK, ap)ni-K, a„); =^Pi) 
d^ki d^k2 (27:^6^^^^ + ^) 



+ 



{2Tif2E^{ki) (27r)32Eso(fc2) E^^ki) + Seo(A;2) - 2m^ - m^ - iO 
X ^ M(K-(0)p(Q,aX-Q,a„) ^n(^i,«i)S°(fc2,«2);'Pi) 

(o2,oi;''Pi) 



d^ki d^k2 {27rY 6^^\ki + h) 



+ . 

{2TTf2Ep{ki) (27r)32Es- {ki) Ep{ki) + E^- (^2) - 2m^ -rriK-iO 

X J] M{K-{0)p{Q, ap)n{-Q, a„) ^ p(^i, ai)S-(4, ^2); 'Pi) 

(o2,ai;''Pl) 

X M{p{h, ai)S-(^2, "2) ^ ^"(0 )p(i?, ap)n{-K, a„); ^P^) 



{2nf2En{ki) (27r)32EAo(A;2) E„(A;i) + Ei^^i^k^) - 2mjv - m^^ - iO 
X J] M(;r-(0Mg,^pM-4^n) ^n(^i,ai)A°(^2,a2);'Pi) 

(a2,oi;^Pi) 

X M(n(^i, ai)A°(^2, «2) -> i^"(0 Mi?, ap)n(-i?, a„); ^Pi) 



{2TiY2En{ki) (27r)32Eso(A;2) K(A;i) + ^£0(^:2) - 2mjv - m^ - iO 

X ^ M(ir-(0)p(g,aX-g,a„) ^n(^i,ai)S°(4,a2);'Pi) 
{o2,"i;^Pi) 

X M(n(^i, ai)S°(^2, ^2) ^ ir-(0 )p(i?, ap)n(-i?, a„); ^Pi) 

dPki d^k2 {2nf5^^\ki + k2) 



+ 



{27if2Ep{ki) (27r)32Es- (A;2) ^p(A;i) + Ej^- {k2) - 2m^ - m^^ - i 

X Y. M{K-{0)p{Q, (Jp)n{-Q, a„) ^ p(^i, ai)S-(4, ^2); 'Pi) 

(o2,oi;^Pi) 
X M{p{h, ai)S-(^2, «2) ^ ^-(0 )p(i?, ap)n(-i?, a„); ^Pi), (5.1) 

where we have neglected the contribution of a kinetic energy of a relative motion of the 
np pair. 

The real and imaginary parts of the S-wave amplitude /g^ '^(0), caused by the inter- 
mediate states {NY)3p^ and (A^F)ip^, we determine as 



nefr'iO^NY-s^,) = ^^^ 1 + ^^/^^ 3 E E 



(o-p,(T„;3Si) (q2,ch;^Pi) 



xV 



d^k 



EN{k)EY{k) E^ik) + Eyik) - 2mjv - rriK 
d'K <!>^{K) 



(2vr)3^^(ie; 



M(ir-(0 )p{K, ap)n{~K, a„) ^ iV(A;, ai)Y{~k, ^2); 'Pi) 



^"^°''"'^°)(^^^^^^) = 5T2^rTW7^3 S, 5Z 



{o-p,(T„;3Si) (a2,cn;-'-Pl) 



XP 



rf^A; 



EN{k)EY{k) E^ik) + ^y(A?) - 2mjv - m^^ 
rf^'i^ $d(i?) 



(27r)3^^(ie 



M(i^-(0Mi^,aX-ir,a„)^iV(A;,ai)F(-A;,a2);'Pi) , (5.2) 
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where V means the principle value of the integral, and 

((Tp,o-„;3Si) (a2,ai;^Pi) 

/d?k 

t\ t'W. M{K-{0)p{K, a,)n{-K, a„) ^ N{k, a^)Y{-k, a^); ^Pi) 
1m f7''iO\NY;P.) = ^T^ 1 + m^/m, 3 ^Z E 

"^Z '^ (<7p,a„;3Si) (a2,"i;iPi) 

f^^A^MiK-iO)piK,aM-K,an) ^ Nik,a^)Yi-k,a2);'Pl) \ (5.3) 
(27r)'^^^(i^) 

The amplitudes M{K~{0)p{K,ap)n{—K,an) — > A^(fc, ai)F(— A;, 02) we suggest to com- 
pute within the approach developed in pT] . 

6 Amplitude of reaction K~(pn)i^^ -^ nK^ -^ K~[pn)?,^^ 
and the energy level displacement 

The amplitudes of the reactions K~{pn)3^^ -^ riA^, where nt^ pair is coupled in the ^Pi 
and ^Pi states, we define as 

M(ir-(OMi?,ap)n(-i?,a„) ^n(^,ai)A°(-^,«2);'Pi) = -^C'^"43s!) 

[M^(-i?, tTn)7»(-^, tJp)] ■ [-»(-fc,a2)7°77^»''(fc,«l)] .(nAO;lpO ,, ^ .„ ^^ 

i — — r^pGj^pK + 2 O'npJ^ 

where ^^ = (5.424 ± 0.004) fm = (3.837 ± 0.003) m^^^ and r^^ = (1.759 ± 0.005) fm = 
(1.244 ± 0.004) m~^ are the spin-triplet S-wave scattering length and effective range of 

np scattering in the ^Si state P; /]f-(p„.3Si)(^o) ^^ ^^^ amplitude of the final-state nA° 
interaction near threshold of the reaction K~{pn)3^^ -^ {nhP)x and C^"L. '^.3g -, is the 
effective coupling constant of the transition K~ {pnjao,^ -^ (nA°)x, where X = ^Pi or ^Pi. 
The spinorial wave functions of the {np)is-^, {NY)3p^ and (A^y)ip^ states are analysed 
in Appendix C. 
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6.1 Effective coupling constant C^^ 

In the one-meson exchange approximation 21^ the effective couphng constant of the 
transition nA° -^ K~pn is defined by the Feynman diagrams are depicted in Fig. 4. In 
the momentum representation the set of Feynman diagrams in Fig. 4 is given by ^ 

M{nik,ai)A\-k,a2) -^ K-{0)p{K,ap)n{-K,an)) = 
2 



v^ 



(2a -1) {3-2a)g^^,^ x [u{kp,ap)i-f u{qAO,aAo)] x 



ml - (gAo - kp 



X 



u{kn,(Tn)iT 



1 



mY,-kn-Q 



-ij^u{qn,an) 



K 



1 



+ — = (2a - 1) (3 - 2a) 5-^^^ x [u{kn, a^Yl u{qxo, a^o)] x 



^K - ("Jao - k„ 



X 



u{kp, ap)i-f'- 



1 



rrij^o - kp- Qk 



-i-f^u{qn,an) 



3^3 



(3 -2a) g^^j^ x [m(A;„, a„)i7 M(gA0, ftAo)] x 



X 



u{kp, ap)i-f^ 



rrij^o — kp — Q 



-i'j^u{qn, ar. 



p — V/sT 



+ -7|"(2a-l)c/^iV7v 



X 



U{kn, (Jn)iT 



I 



mY,-kn- Qk 



"^X - (^AO - Kf 



z7^M(gAO,aAo) 



X 



ml - {kp - qnf 



X [u{kp, ap)i-f^u{qn, a„)] 



X 



2 r 1 

-^={3-2a)gl^N x u{kn,an)h^ : -^ 

V 3 L nip- q^o + Qk 

1 

X [m(A;p, ap)i-f^u{qn, a„)] 



i'y^u{qAo,aAo] 



ml - {kp - qnf 



+ — = (3 - 2a) ^^^^ X u{kp, ap)i-f^ ^— 

V 3 L "^p - q^o + (^/^ 



i7^M(gAO,aAo) 



X 



-^ — X [u{kn,(Tn)h^u{qn,an)] 

ml - {kn - qnY 

2 ■ r 

— a (2a - 1) ^;Jjviv X Y^{kp,ap)i^^ 



1 



mY,-kp- Qk 



ij^u{qAo,aAo] 



1 



X 



ml - {kn - g„)^ 



X [u{kn,(Tn)il^u{qn,an)] 



+ wf"(3-2a)(3-4a)(7^^^ 



X 



u{kp, ap)ij^' 



TTiAo — kp — Qk 



h^u{qAO,aAo] 



X 



ml - {kn - qnY' 



X [u{kn,(Tn)il^u{qn,an)] 



^The coupling constants of the PBB, SBB and SPP interactions, where P and S are nonets of 
pseudo-scalar and scalar mesons, the partners under chiral C/(3) x C/(3) transformations, are computed 
in the Appendix D. 
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Figure 4: Feynman diagrams describing the effective coupling constant of tlie transition 
nA° — > K~pn in tlie one-pseudoscalar meson excliange approximation 
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1 



3^3 



(3 - 2a) (3 - 4a) g^^,^ x u{kp, ap)i'y ^— ^7 uiq^o, a^o 



rup - gAo + Qk 



^^ n V9 ^ [u{kn,crn)h^u{qn,an)]. (6.2) 



in 



Following pi], the amplitude of the transition nhP -^ K pn ()6.2j) . computed near thresh- 
old, we define by the local effective Lagrangian 

+ ^ (3-2a)3^^^ 1 [n{x)i^^K\x)mx)n{x)] 

- 71 ,^%:"^th^ ,„,"(^r;Z^ ^(..AV,„.(.,nM.)l 

- i^ S:^gr::gt^ <-(ar:z.^ ^(.)A"(.)iK.)n=«(..,, 



(6.3) 

where^ Eao = ((m^ + 2mNf + m\o - m%)/2{mK + 2mN) = 1262 MeV, En = {{rriK + 
2mAr)^ + m% — m\o)/2{mK + 2miv) = 1108 MeV and ko = {{2mN + mK)"^ — (rriAO + 
mN)'^y^'^{{2mN + mxy — {m^o — mNYY^"^ /2{2mN + ttik) = 592 MeV are the energies 
and the relative momentum of the A°-hyperon and the neutron at threshold. Then, for 
numerical calculations we set q-^nn = 13.21 j^lj and a = 0.635 [HSl (see also fI^)■ 

Now we have to take into account that the np pair couples in the ^Si state with isospin 
zero. This can be carried out by means of Fierz transformation: 

[p(x)7^A°(x)][n(x)n(x)] -^ [p(x)7^n''(x)][?i=(x)7^7^A°(x)] 

+ i [p{x)a^,n'ix)][n-{x)a^^''^'^A^{x)], 

o 

[n(x)7^A°(x)][p(x)n(x)] -^ + -[p{x)j^n%x)][n''{x)-f^'-f^A%x)], 



^The index P means that there are no scalar-meson exchange contributions. 
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[p{x)A°{x)] [n{x)'j^n{x)] 



[n(x)A°(a;)] [p{x)'j^n{x)] 



- [p(x)7^n'(a; 

{- - [p{x)af,^n^> 

1 

- [p{x)-f^n%x 



In the non-relativistic limit the r.h.s. of these products can be reduced to the form 



[x)'y^A^{x)][n{x)n{x)] ^ -\ — [p{x)^n'^{x] 

- -^ \p{x)^n\x 



[n(a;)7 A (x)][p(a;)n(a;)] ~^ — -. \p{x)^rf{x\ 

+ - \p{x)^rf{x 

\ 

[p(a;)A°(a;)][n(a;)7^n(x)] ^ — t \p{x)^rf{x\ 

- -^ {p{x)^n''{x 
[n(a;)A°(a;)][p(x)7^n(a;)] — ^ + 7 \p{x)'^n^[x\ 



+ - \p{x)^rf{x 



a;)][n^(x)a^VA°(a;)] 
][n'=(a;)7'^7'A°(a;)] 
x)\\n^{x)cy^''^^k^{x% 
][n-(x)7VA°(a;)] 



(6.4) 



[n^(a;)77^A°(a;)] 

■ [?7:'=(a;)7°7 7^A°(x)], 
[n^(x)7 7^A°(a;)], 

■ [n'=(a;)7°77^A°(a;)] 
[n^(x)77^A°(x)] 

■ [n^(a;)7°77^A°(x)], 
[n^(a;)77^A°(x)] 

■ [n^(x)7°77^A°(a;)]. 



(6.5) 



For the derivation of this Lagrangian we have taken into account that in the non- 
relativistic limit the four-baryon product reduces as follows 

^{x)^^^if{x)\ ■ [n'=(x)7°77^A°(x)] -^ \p{x)^n''{x)\ ■ [n'=(a;)7°77^A°(a;)]. 

The effective low-energy four-baryon interactions \p[x)^n^[x)\ ■ [n^(a;)77^A'^(x)] and 
\p{x)'^rf{x)\ ■ [n'=(x)7°77^A°(a;)] describe the transitions (nA'')3p^ — ^ K~{jm)z'i,^ and 
(nA°)ip^ -^ K~{pn)3Sj^, where the nA" pair couples in the ^Pi and ^Pi state, respec- 
tively. 

6.2 Reaction (nA^)3p^ -^ K^{pn)3Q,^ 

The amplitude of the reaction (nA°)3pj -^ K^{pn)iQ,^, where nA° pair couples to the np 
pair, which is in the ^Si state, is defined by 



M{n{k, a,)A\-k, ^2) ^ K' {0)p{K, a,)n{-K, a„); '^Pi) = i ^^"-(^,,330 

[u{K,ap)^u''{-K,an)] ■ [u''{k,ai)j'y^u{-k,a2)] ^(nA0;3pi) 
^ 1 



(nA";3Pi) 
K-(pn;-^Si] 

/r(;::;k;)(^o), (6.6) 
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where /x-(p„.3s )(^o) is the amphtude, describing the nA° rescattering in the ^Pi state 

near threshold of the K~ {pn)-iSi system production and C'^-fpn-as ) ^^ ^^^ effective couphng 
constant of the transition (nA°)3p^ -^ K~{pn)za,^. 

Using (|6.5|) and (|6.3p we obtain the effective Lagrangian of the transition (nA°)3p^ -^ 
K~{pn)3s^ near threshold: 

^(nA0)3,^^^-(.n.s.)^^^^ = .^rS!) K-\x) [p{x)jn^{x)] ■ [n-(x)7 7^A°(x)] , (6.7) 

where we have denoted 

^(nAO;3po ^ 1 {3-2a){2a-lfgl^^ 1 

A--(pn;3Si) 2y/s mj^ - (Eao - mjv)2 + /c^ ms + m^v + tuk 

, 1 {3-2a){2a-irgl^^ 1 



4v^ rnj^ - {Eao - niNY + kl niY, + rriN + rriK 
1 (3 - 2afgl^^ 1 



+ 
+ 



1 a(2a - l)^^jvjv 1 

a/3 "^^ - (-Eat - mAr)2 + k"^ mj^ + niN + rriK 
1 (3 - 2a)glj^^ rriN + mx - niAo 



2V3 ml - {En - m^)^ + k'^ m% - {Eao - ttik? + kl 

^ (3 - 2a)gl^j^ m^ + mx - mA» 

4a/3 ml - {En - mN^ + kl m% - {Eao - mxY + kl 
1 a{2a - l)glNN 1 



+ 



2\/3 m^ - {En - mNY + /cq "^s + "^a^ + mx 
1 «(3-4a)(3-2«)(73^^ 1 



6^3 ^2 - (E^r - ruNY + /cq "^ao + mN + m^ 
1 (3 - 2q;)(3 - 4a)^5f^ArAf tun + mx — mAO 



2 



12\/3 ^2 - {En - mNf + kl m% - {Eao - mxY + k:^ 
= 1.7x IQ-^MeV-l (6.8) 

The Lagrangian ()6.7p describes the interaction of the nhP pair in the ^Pi state with the 
np pair in the ^Si state through the emission of the i^~-meson. 

Using the results obtained in [0] one can show that the contribution of the resonances 
A(1405) and S(1750) to the effective couphng constant of the transition nhP — > K~pn is 
negligible small. 

In Fig. 5 we have depicted Feynman diagrams describing the contributions of the scalar 
mesons The effective Lagrangian of the transition nhP -^ K~pn, caused by the scalar- 
meson exchange, is equal to 



^K-pnK js 2^3 gAF^ ml - {Eao - mNf + kl 

+ :7^^^4^^^^^^^^[P»A"(x)][n(x).7Ma^)] 
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Figure 5: Feynman diagrams describing the contribution of scalar mesons to the effective 
couphng constant of the transition nA° — »• K~pn in the one-pseudoscalar meson exchange 
approximation 

- il^, ^. -iET-thkl ['-'(^)A°(.^)]^(^)n'n(.)]. (6.9) 

The effective couphng constant of the {nh.^)A-p^ -^ K^{pn)za,^ transition, induced by the 
scalar-meson exchanges, reads 



5C 



(nA0;3p,) _ 1 1 (3 - 2a) g 



2 

■kNN 



8^3 9aF^ ml - {En - m^)2 + k^ 

1 Fk {3-2a){3-4a)glNN 

24^3 9aF^ ml - [E^ - m^Y + kl 



1 Fk {3-2a)gl 



NN 



4^3 gAF^ ml - {En - mNf + kl 
= -1.3 X lO^^MeV^l (6.10) 

Thus, the total effective coupling constant Cj^„,'_^,3g . of the (nA°)3p^ — > K^{pn)i^^ tran- 
sition, is equal to 

4tS;)=4xlO-MeV-. (6.11) 

The contribution of the scalar mesons we have computed in the infinite mass limit. This 
corresponds to the non-linear realization of chiral symmetry used within ChPT by Gasser 
and Leutwyler jE]- 

Now we proceed to computing the amplitude of the nJSP rescattering in the ^Pi state. 
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Figure 6: Feynman diagrams describing the (nA°)3p^ rescattering in the initial state of 
the reaction (nA°)3p^ — ^ K~{np)aQ,^. 



6.3 Amplitude of nA9 rescattering in the ^Pi state 



The amphtude / 



(nA'^^^Pi) 



(fco), describing the rescattering of the nhP pair in the ^Pi state 



near threshold of the K {pn)3s^ system production, is defined by the Feynman diagrams 
depicted in Fig. 6^. The result of the calculation of these diagrams reads (see Appendix 

E and t21i) 



p(nA°;3Pi) 



f{ni'i"rfi) (I. \ 



127r2 E{ko 



in 



Ejko) + kg 
E{ko) - k, 



ITX 



(6.12) 



where E{ko) = a/^o~+"^^° ^^^ ^^^ effective coupling constant C„ao(^Pi) is equal to [21] 



aAo(=^Pi) = (3-2a)2^-^^^-^i ' ""^0 



12A;2 
2.0 X 10"^MeV" 



2 , 4p 

enil + — 2_) -a(3-4a) 



771 



K 



Qkl \ 7711 



(6.13) 



The rescattering of the nA° pair in the ^Pi state is defined by the interaction, computed 
in the one-meson exchange approximation (see 



(6.14) 



^(nA0)3p^->(nA0)3p^^^^ = -ic„Ao(3Pl) [A°(x)7 7 V(x)] ■ [7l^{x)^ ^' K\x)]. 



-eff 



For the derivation of the effective Lagrangian (j6.14|) we have used the relations 

[A°(x)7^A°(x)][n(x)7^n(x)] = +^ [A°(x)77V(x)] ■ [n^(x)77^A°(x)] 

+- [A°(x)7°7 7^n^(x)] ■ [n^(x)7°7 7^A°(x)] + . . . , 



^Within the dispersion relation approach the final-state interaction of the baryon-baryon pairs (or 
baryon-baryon rescattering in the initial state) has been elaborated by Anisovich et al. ^j . 

^"For simplicity we use the equal masses of baryons for the calculation of the rescattering of the nhP 
pair, where ms = \/{2mN + ttikY ~ 4fcg/2 = 1030 MeV. 



27 



[A"(x)7'n(a;)][n(a;)7'A"(x)] 



caused by Fierz transformation. 



+- [A°(x)77V(x)] ■ [n'=(x)77^A°(x)] 

+i [A°(x)7°7 7'n^(x)] ■ [n-(x)7°77'A°(x)] + . . . (6.15) 



6.4 S— wave amplitude /q^ ^{Q){nAOfPi) of K d scattering 

For the calculation of the S-wave amplitude /q^ °'(0)(„aO;3Pi) of K~d scattering near 
threshold, caused by the exchange of the nA° pair in the ^Pi state, we have to square 
the spinorial wave functions of the coupled baryons and to sum over polarisations, taking 
into account that np and nA^ pairs are in the ^Si and ^Pi state, respectively. This yields 
(see Appendix C) 



- ^ 5Z \[uiK,ap)^u''{-K,crn)]-[u''ik,ai)^-f^u{-k,a2) 
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2 r 2 



(<7p,a„;3Si)) (a2,ai;3Pi) 



(6.16) 

First, let us compute the imaginary part of the amplitude /q^ '^(0)(„aO;3Pi)- From ()5.3p 
and taking into account the result of the summation over polarisations of baryons ()6.16p 
we get 



Tm /o^~'^(0)(„AO;3p,) 



1 



1 



t.3 



Stt^ 1 + mK/TUd 2mAr + rriK 



r^(nA0;3Pi) n2 



/, 



(nA0;3Pi) 



[,iko 



X 






(6.17) 



^np 



where we have integrated over k. The integral over K can be calculated analytically and 
result reads 



d^K 



^diK) 



^^''^"l-\ripai,K--^ai.K 



27d 



vr 



airfd 



^np 



+ i 



ah 



" I J 



a .a 



7r3 L2 (a + 7d)(6 + 7rf) h-aW-'^il 7^ a^ - 7J 7^ 
= (0.030 + i 0.061) m^/^ 

where we have denoted 

1 



(6.18) 



np 



1 



'1- 



2r* 

np 



np 



0.327m^, h 



' ^ + ./i-^ 



np 



a. 



np 



1.280 m^. (6.19) 



Thus, at threshold the imaginary part of the S-wave amplitude oi K d scattering, caused 
by the two-body inelastic channel K~{pn)3Si — * (^A°)3p^ —^ _ft'~(pn)3g^, is equal to 



Jm/o^ (0)(„A0.3p^) 



4.6 X 10' 



mz 



Kq 



37r2 1 + 171x1 rrid 2mN + ttik 



X \Ci<^.r l/x-'So(^o)r = 0.9 X 10-fn,. (6.20) 
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The real part of /q^ '^(0)(„ao.3p^) is defined by 



^e/o (0)(„AO;3Pi) 



2567r'^ 1 + niK/md 3 



\ E E 



((Tp,(T„;3Si) («i,02;3Pl) 



xip 



rf^A; 



X 



27r J EN{k)EAo{k) EN{k) + EAoik)-2mN-mK 



(2vr)3^^(ie; 



M{n{k, ai)A''i-k, aa) ^ i^"(0 )piK, ap)n{-K, a„); ^Pi) . (6.21) 



The real part of the integral over k is divergent. For the regularization of the divergent 
integral we introduce the cut-off A. Subtracting the divergent part and keeping the finite 
part dependent on the cut-off A the result of the integration over k reads ^^ 



27r 



V 



d^k 



1 



irrriB 



El{k ) EN{k ) + Ejyoiyk ) - 2mN -niK-iO '^^b + mx 

A , A;o 



X < 



2arcta„(A)_2Ato 

TT KniB'' vr niB 



uiB + ^J^.'^ + m^ mB + ^Jkl + 
A kn 



m 



B 



rriB + \/JS? + m| ttib + a/Zcq + 



771 



B 



- -, Ff — ». 

2 1 + mi^/2mB Vm^ ^s^ 



(6.22) 



where tub = \J{2mi^ + rriKY ~ 4A;g/2 = 1030 MeV. For numerical analysis we set A 

^ 12 



rriN 



Hence, at threshold the part part of the S-wave amphtude oi K d scattering, caused 
by the two-body inelastic channel K~{pn)3g^ —>■ (r2A*')3p^ -^ ii'~(pn)3g^, reads 



7ee/o^"'^(0)(„Ao.3p,)= 4.6x10- 



wi" 



Kg 



127r2 1 + rriK/md 1 + mK/2mB 



[C 



K-{pn;3Si)i 



(nAO) 



x|/.-„.r4,(*o)l^^l-.;;^j 



A 



co_\ _ 



0.1 X 10"^ fm 



(6.23) 



The S-wave amplitude /q^ '^(0)(nAO;3pj) oi K d scattering, caused by the two-body in- 
elastic channel K~{pn)3s^ —>■ (nA°)3p^ — * K~ {pnjso,^, is resulted in 



h '(0)(nAO;3p,) = (-O.l + zO.9) X 10-^ fm 



(6.24) 



Now we proceed to computing the S-wave amplitude /g^ '^(0){nAO;iPi) oi K d scattering 
near threshold, saturated by the intermediate (nA°)ip^ state. 

^^We assume also that after the subtraction of the divergent part the integrand is a peaked function 
around the point i?Ar (A: ) + i5Ao (A: ) — 2?Ti AT — 771/^ = 0, i.e. around |fc | = k^. That is vahd for the imaginary 
part of the S-wave amphtude f^ '^(0)(„Af;3Pi). Due to this assumption we can take away the squared 
amphtude of the reaction K^ {pn)^^^^ -^ {nhP)3-p^ a.i\k\— kg. 

^^ We assume that the cut-off A — m^ is an universal cut-off for the analysis of low-energy interactions 
of the deuteron near threshold. We relegate the readers to Section 4, the analysis of the Ericson-Weise 
formula for the S-wave scattering length of K~d scattering, and PSII^ . 
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6.5 Reaction (nA'^)ip^ -^ K {pn)3Q,^ 

The amplitude of the reaction (nA*')ip^ -^ K~ {pn)iQ,^ is defined by 



- r a K + i a K 



. (?iAO;lPi) 



where f^^, „.3s -,(^0) is the amphtude, describing the nIsP rescattering near threshold of 

^(nAO;iPi) 
'X-(pn;3Si) 



the -fT (pn)3gj system production, and C^"l, n-ss 1 ^^ ^'^^ effective coupling constant of the 



transition (nA'')ip^ -^ K~{j)n)i^^. 

The effective Lagrangian of the transition (nA°)ipj -^ K^{pn)is^ at threshold can be 
defined by 



,(nAO;iPl) 
ft:-(pn;3Si) 



The effective coupling constant C"^"!. ' 3c -, is equal to 



(nA'VPi) _ 1 (3-2a)(2a-l)2^3^^ 






1 (3 -2a)(2a- 1)2(^3^^ 1 



1 (3 - 2afgl^^ 1 



+ 



12v^ "^^ - (-^Ao - rriNy + kl m^o + rriN + m^ 

1 a{2a - l)^^jvjv 1 

^J^ ml- {En - mNY + /cg m^ + niN + m/^ 

1 (3 - 2a)glNN itln + itlk - mpfi 



2^3 "^^ - {Em - rriMY + kl m% - {E^o - rriKf + K 



1 (3 - 2a)glj^M uin + uik - rriAO 



4a/3 ml - {En - niNY + k^ m% - {E^o - niKf + kl 
1 a (2a - l)^^;vjv 1 



2^3 ^2 - (Ejv - mN^ + A^o "^s + "^Af + ^ik 
1 a(3-4a)(3-2a)(73^^ 1 



6^3 "^^ - (-^Af - "^Af)^ + ^0 "^A" + "^Af + ^K 

1 (3 - 2a) (3 - ^afg^NN ^n + vhk - mt^o 



12^3 "^^ - {En - "^iv)^ + /eg m^^ - (^ao - rriKf + /cq 
1 1 {^-2a)gl 



NN 



2 



Sv^S gAF^ m\ - {Eao - niNy + k^ 
11 (3 - 2a) g 



2 

TrATAf 



8^3 QaF^ ml - (Ejv - mNf + /eg 
1 1 (3 -2a) (3- 4a) (^2 



ATAf 



24^3 ^^i^TT ml - (E^ - m^)2 + kl 
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11 (3 - 2a) g. 



2 

■kNN 



4^3 QaF^ ml - {En - mjv)^ + k^ 
= 6xlO-^MeV"l (6.27) 

The effective coupling constant ()6.27p contains the contribution of the scalar-meson ex- 
changes computed in the infinite mass limit. 

The Lagrangian (j6.26p describes the interaction of the nA^ pair in the ^Pi state with 
the np pair in the ^Si through the emission of the /^"-meson. 

6.6 Amplitude of (nA^)ip^ rescattering 

The amplitude f^^-p^ (^o), describing the rescattering of the riA" pair in the ^Pi state 
near threshold of the K~{pn)3g-^ system production, is defined by the Feynman diagrams 
analogous to those depicted in Fig. 6. The result of the calculation of these diagrams reads 
(see Appendix E and 



^x (pn;3Si)V o; ^ 247r2 E{ko)\- \E{ko)-koJ 1) ' V ; 

where E{ko) = \/k\ + m^ ^^ and the effective coupling constant C(„ao)(^Pi) is equal to 



^nAo(^Pi) = (3-2a)^^£n(l + i4)-a(3-4a)%^£n(l + i4) = 

= 2.0 X IQ-^MeV-^ (6.29) 

The rescattering of the nA° pair in the ^Pi state is defined by the interaction, computed 
in the one-meson exchange approximation (see j21j): 

^(nAO;ip,)^(nA0;iPO^^) = -^C„Ao(iPi)) m^)l' 1 1' n\x)\ ■ \n\x)i^^ ^^ k\x)\. (6.30) 

Now we can proceed to computing the S-wave amplitude f^ '^(0)(„ao;1Pi) of K~ d scat- 
tering near threshold, saturated by the intermediate (nA°)ip^ state. 

6.7 S— wave amplitude /q^ '^(0)(nAO;iPi) of K^d scattering 

For the calculation of the S-wave amplitude j^ '^(0)(„AO;ipi) of K'd scattering near 
threshold, caused by the inelastic channel K~[pn)i.'s,^ -^ {nlS^)\^^ -^ K^[j)n)z^^^ we have 
to square the amplitude (|6.25|) and to sum over polarisations of baryons, taking into 
account that n-p and nA° pairs are in the ^Si and ^Pi state, respectively. This yields (see 
Appendix C) 

\Y. E IKi?,^p)7«V^,M-[«^(^,«i)7°77V-^,«2)]r = ym^^2_ ^gg^) 

((Tp,(T„) (o2,oi;^Pi) 

-"^•^For simplicity we use the equal masses of baryons for the calculation of the rescattering of the nA° 
pair, where tob = A/(2mjv + mKy - 4fco/2 = 1030 MeV. 
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At threshold the imaginary part of the S-wave amphtude oi K d scattering, caused by 
the two-body inelastic channel K~{pn)3s-^ — > (raA'')ip^ — >■ i^~(pn)3gj, is equal to 

Xm/o^-'^(0)(.AO.p,) = 4.6 X 10-^ -1^ /"' -^ 

^ ' ' Qti^ 1 + mK/T^d 2mjv + rriK 

X [4"-lSs!)]^ l/?-t2s.)(^o)r = 1.0 X 10- fm. (6.32) 

The real part of f^ '^(0)(„Ao.ipj) reads 

^e/o^"'^(0)(„Ao.ip ^ = 4.6 X 10-3 A, '^, % \C^K^r''.i^f 

X l/?-Z'so(MPi^(— ,— ) = -0.1 X 10-3fm. (6.33) 

Thus, for the S-wave amplitude /q^ '^(0)(„ao)i we get 

/o''"'(0)(nAO;ip,) = (- 0.1 + ? 1.0) X 10-3 fm. (6.34) 

Now we can estimate the contribution of the two-body inelastic channel K~{pn)3Si -^ 
nA° — > K~{pn)3s-^ to the S-wave amplitude f^ '^(O)nAo of K~d scattering near threshold 
and the energy level displacement of the ground state of kaonic deuterium. 

6.8 S— wave amplitude /g^ ^(0)„ao and the energy level displace- 
ment 

The S-wave amplitude of K~d scattering saturated at threshold by the intermediate nA^ 
state in the ^P^ and ^Pi is equal to the sum of the contributions (|6.24j) and (|6.34p 

/o^~'^(0)„AO = (- 0.2 + i 1.9) X 10-3 fm. (6.35) 

The contribution of the decay Axd —>■ nA^ to the energy level displacement of the ground 
state of kaonic deuterium amounts to 

p{nAO) 

- elf °^ + t ^^ = 602 /o^"''(0)„AO = (- 0.1 + il.l) eV. (6.36) 



Hence, the partial width of the decay Axd — ^ '^A^ is equal to T^l = 2.2 eV. 

According to |S3|; the experimental rate of the production of the nA^ pair at threshold 
of the reaction K'd -^ nA° is equal to R{K-d -^ nA°) = (0.387 ± 0.041) %. 

Using our estimate of the partial width, F^^ = 2.2 eV, and the experimental rate, 
R{K~d -^ nA^) = (0.387 ± 0.041) %, we can estimate the expected value of the total 
width of the energy level of the ground state of kaonic deuterium 

p(nAO) 

Fi, = 1^ — ^ = (570 ± 130) eV. (6.37) 

(0.387 ± 0.041) X 10-2 ^ ^ ^ ^ 

We have taken into account the theoretical accuracy of the energy level displacement, 
which is about 20%: - e["^°^ + i fS"^°V2 = (- 0.10 ± 0.02) + i (1.10 ± 0.22) eV. 

Our expected value of the total width of the ground state of kaonic deuterium is by a 
factor of 2 smaller compared with the value of the total width predicted by Barrett and 
Deloff dSJ. 
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7 Amplitude of reaction K {pn)^^^ -^ nH^ -^ K {pn)^^^ 
and the energy level displacement 

The amplitudes of the reactions K~{pn)3s-^ — > {n'£^)x, where nS° pair couples in the 
X = ^Pi and and ^Pi state, we define as 

M(K-(OMi?,aX-i?,or„) ^n(^,ai)S°(-fc,«2);'Pi) = -^CJ""""''^^) 



"K-ipn-^Si) 












[M^(-ir, Cr„)7M(K, CTp)] ■ [m(-A;, a2)7°77^W''(fc, «l)] ^(nEO;lPi) 

Si 

where f^'-r '^sg -,(^0) is the amplitude of the final-state riE° interaction near threshold of 



-'- Q "^np^np^^ ' * ^np^ 



,{nE°;X) 



, (nSO;X) 



the reaction K {pn)3s^ -^ (nS^)^ and Cj^''^,^^Jg ^ is the effective coupling constant of the 
transition K~{pn)3Si ^ (^^°)x; where X = ^Pi or ^Pi. 



7.1 Effective coupling constant C^^ ^ 

In the one-meson exchange approximation [21] the effective coupling constant C^5 of 
the transition nS° -^ K^pn is defined by the Feynman diagrams depicted in Fig. 7. The 
amplitude of the transition nTi^ -^ K~pn, determined by the Feynman diagrams in Fig. 7, 
is equal to 

Min{k,ai)J:'^i~k,a2) -^ K-{6)p{K,ap)n{-K,an)) = 

= - 2 (2a - 1)^ gl^^ x m(A;„, cr„)27^ -^—ij^u^qn, a„ 



m-s- - kp- Q 



p — '^K 



1 



X 



mj^ - (gso - kp 



X [u{kp,ap)ij^u{qY:o,aY:o)] 



+ (2« - 1) g^NN X uiK^ ^p)n 



X 



^K - (feo - ^n)^ 



m^o — kp — Qk 

X [M(A;„,cr„)27^M(gso,aso)] 



27 M(g„, a„j 



- (2a - 1) (3 - 2a)2 gl^^ x [^(A;^, ap)z7^ ^ ^ 

o L ^^0 - kp- Qk 



ij^u{qn, ar. 



1 



X [M(A;„,a„)27^M(gso,aso)] 



+ 4(l-a) (2a- 1)5-^^^ X u{kn,an)i'j^ 



1 



ms- - kn-Q 



-27^M(gso,aso) 



_ft: 



X 



1 



"^^ - {Qn - A^p)^ 



X [u{kp, ap)i-f^u{qn, an)] 
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Figure 7: Feynman diagrams describing the effective coupling constant of tlie transition 
nTP — > K~pn in tlie one-pseudoscalar meson excliange approximation 
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Figure 8: Feynman diagrams describing the contribution of scalar mesons to the effective 
couphng constant of the transition nE° — > K~pn in the one-pseudoscalar meson exchange 
approximation 



+ 2{2a-l)gl^^x u{kn,(Jn)h 



1 



mp - feo + Qk 



^7^M(feo,"so) 



X 



ml - {qn - kpf 



X [u{kp, ap)i'j^u{qn, a„)] 



(2a - f ) glj^^ X u{kp, (Tp)i-f 



1 



ml - {qn - knf 



'm-p - fee + Qk 
X [u{kn, an)i'J^u{qn, «„)] 

1 



i7^M(gE0,a20; 



+ - a (3 - 2a) ^j^^^ X ^(/cp, C7p)i7^ -^ 



27 M(gso,"E0j 



X 



m^ - (g„ - A;„)^ 



X [m(A;„, (T„)i7^M(g„, a„)] 



2 r 1 

+ - a (2a - 1) (3 - 2a) ^j^^^ x u{kp, ap)i^^ ^r- 

■J L mso - kp- Qk 



h^u{qj:o,aj:o] 



X 



"^« - (in - knY 



X [u{kn, an)i'j^u{qn, an)] 



1 r 1 

+ - (3 - Aaf gl^^ x u{kp, ap)i^'' ^ -^ 



t-f M(gso,«soJ 



f 



X 



"^^ - (Qn - kr. 



X [u{kn,(Tn)i'J^u{qn,an)]. 



(7.2) 



The Feynman diagrams, describing the transition nS° ^ K^pn through the scalar-meson 
exchanges, are depicted in Fig. 8. 

Taking the amplitude of the transition nS° -^ K~pn at threshold, we can represent 
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(|7.2|1 in the form of the effective local Lagrangian 



n{x)i'y^TP {x)] [p{x)n{x)] 



{2a-lfgl^j^ 1 r^,^^,,5^o 



m\ - {Ey.0 - rriNy + /cq "^s + "^a^ + ''^k 
2 (2« - 1) g^j^^ niN + niK- m^ 



[n(x)S°(a;)][p(x)i7^r2(x)] 



m2 - (Eat - m7v)2 + A;2 m^ - (Eso - itikY + A^o 

(2a- l)^^jvjv mN + rriK- m^ 

m^ - {En - rriNY + ^o ^n - (-^s" - "^a")^ + k, 

2 g (3 - 2a) qI^n ^n + rriK - rns 

3 m2 - (Eat - niNY + k^ m% - (Eso - mii-)2 + k^ 

2 a {2a- 1) (3 - 2a) gl 

3 m^ - (E'jv - ttinY + k^ m^ + m^v + rriK 
1 (3 - 4a)^ gl^N rriN + mx - m^ 



2 [p(x)S°(x)][n(x)27^n(x)] 
^^ ^ [p(a;)S°(x)][n(x)^7^n(x)] 



3 m2 - (Eat - mAr)2 + /eg ^2^ _ (£-^0 - TTIkY + fco 



{x)TP{x)][n{x)i-^^n{x)]. (7.3) 



The effective Lagrangian of the transition nhP —>■ K pn, caused by the scalar-meson 
exchanges, is equal to 

^K%ni^)s = - ^ -V ^2 ^^Z~ ^^ I'T. , .2 [PixY^'^'ix)][n{x)n{x)] 



2 gAF^ m\ - (E^o - ttinY + kl 



1 Fk {2a-l)gl 



NN 



[p{x)TP{x)] [n(x)27^n(x)] 



2 gAF^ ml - {E^ - m^)^ + A;, 

1 Fk (2«-l)(3-4a)^2^^ .,,0, ,_.,,. .^ 



6 gAF'^ m2 - {E^ - niNY + ^o 



[p(x)S (x)][ri(x)i7 n(x)] 



F^ (2a -1)^2 



NN 



gAF^ ml - (E^ - m^Y + kl 



[n{x)TP{x)][p{x)i-i^n{x)]. (7.4) 



Making the Fierz transformation (see ()(i.4|l ) we reduce the four-baryon operators to the 
form 

\p{x)'-f^TP {x)]\n{x)n{x)\ -^ + -[p{x)^ rf {x)] ■ [?2^(x)77^S°(a;)] 

- ^ [p{x)in\x)] ■ [n-(x)7°77'S°(x)], 
[n{x)'y^TP {x)][p{x)n{x)\ — ^ — t [p(x)7n'^(x)] ■ [n'^(x)77^S°(x)], 

+ - [p{x)^rf{x)] ■ [?i^(x)7°7 7^S°(x)] 

X 

\p{x)TP{x)][n{x)-i^n{x)] -^ - -\p{x)^rf{x)\ ■ [n'=(x)7 7^S°(x)] 
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- - \p{x)^n''{x)] ■ [n'=(x)7°77^S°(x)], 

[n(x)S°(x)][p(x)7^n(x)] -^ + - [p{x)^ n" (x)] ■ [?i'=(x)7 7^S°(x)] 

+ i [p{x)^n%x)] ■ [n^(x)7°7 7^S°(x)]. (7.5) 

These relations make a projection of the four-baryon states onto the ^Si®'^Pi and '^Si®^Pi 
states. Taking into account the relations (|7.5|) we can extract from the effective Lagrangian 
()7.3|) the effective interactions, responsible for the transitions (raS°)3pj -^ K^{pn)3s-^ and 
(r2S°)ipj —>■ K~ {pn)3a,^ with the nTP pair in the ^Pi and ^Pi state. 

7.2 Reaction (nS°)3p^ -^ K^{pn)^s^ 

The amplitude of the reaction (nE°)3pj -^ K~{pn)is-^, where the nS^ pair in the ^Pi state 
couples to the np pair in the ^Si state, is defined as 

M(n(^,«i)S0(-^,«2) ^ K-{0)p{K,ap)n{-K,a^y,'Pi) = ^C^"-'^" Jsl) 

1 r a K — i a K 

where fj^-, '^.ag -)(^o) is the amplitude, describing the nS° rescattering in the ^Pi state near 

threshold of the K~{pn)3Si system production, and C*ft:-(„„.3Si) is the effective coupling 
constant of the transition (nE°)3p^ — > K~{pn)3Si- 

Using ()7.3p and ()7.4|) we obtain the effective Lagrangian of the transition (nA°)3p^ ^■ 
K~{pn)3s-^ near threshold: 

^(.E0;3p,)^x-(pn;3s,)(^) ^ ^^(^„_E-PO^ ^_t(^) b^fn^l^)] ■ [n^(x)7 7^S°(x)] . (7.7) 
The effective coupling constant Cj^_, ^.3g\ is equal to 



K (pn;3Si) 2 m^^ - (Eso - mTv)^ + fcg ms + mjv + rriK 

1^ 1 

4 m\ - {Eyp - TJiNy + fcg "^s + rriN + rriK 
1 i2a - 1) (3 - 2ay gl^j, 1 



+ 



12 m|. — {Ey:o — ruNy + k^ m^o + ttin + tuk 
{l-a){2a-l)gl^^ 1 

ml - {En - niNY + kl 7X1^. + tun + niK 
1 (2a - 1) gl^^ mN + rriK- rriY. 



+ 



2 ml- {Em - mN^ + k^ m% - {Ej^o - mxf + kl 

1 {2a - 1) ^^jvjv m^ + mx- m^. 

Ami- (En - rriMY + k^ m% - {E^o - mK)^ + kl 
1 a (3 - 2a) gl^j^ m^ + mx - m^ 



Q ml- {En - m^Y + k^ m% - {Ej^o - mxY + kl 
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+ - 



1 a (2a - 1) (3 - 2a) g^ 



NN 



1 



Q ml- {En - niNY + ^o "^s + ruN + m/^ 



+ 



{?>-Aafgl 



NN 



UlN + mii- - VflY, 



+ 



12 m2 - {En - niNY + k^ m% - {Ej^o - mxY + fc, 
1 1 (2a -1)^^^^ 

8 qaF^ m\ - {Ej^o - niNy + kl 
1 1 (2a -1)^^^^ 

8 qaF^ ml - {En - mN^ + kl 
1 1 (2a-l)(3-4a)^^^^ 
24 qaF^ m2 - {En - m^)^ + kl 
1 1 (2a -1)^^^^ 

4 qaF^ ml - {En - mN^ + /cq 



7 X 10~^ MeV 



(7i 



where E^o = 1302 MeV, En = 1072 MeV and ko = 516 MeV. 

The amphtude /^" (p^.as )(^o); describing the rescattering of the nE° pair in the ^Pi 
state near threshold of the K~{pn)3s-^ system production, is defined by the Feynman 
diagrams depicted in Fig. 6 with a replacement A° -^ E° and reads (see ()6.12|) ) 



. {nS0;3pi) 






I 127r2 E(k,) [ \ 



'E{ko) + ko 



i-n 



E{ko) L \E{ko)-ko 
where E{ko) = \/kl + m^ ^'^ and the effective coupling constant C„so('^Pi) is equal to 



(7.9) 



CnEo( Pi) 



(2a 



9-nNN 

Akl 



0.7 X 10"^ MeV" 



Ah 



infl + i%) + a(3 - 4a) ^ in(l + 
V mj^/ 6/co V 



4A;2 



m^ 



(7.10) 



The rescattering of the nS" pair in the '^Pi state is defined by the interaction, computed 
in the one-meson exchange approximation (see |21j): 



C 



(nS0;3Pi)^(nS0;3Pi) 



eff 



(^) = - 7 CnM'Pi)) [S"(x)77V(x)] ■ [n^(x)77'S"(x)]. (7.11) 



In our approach the effective Lagrangian (j7.11|) describes also the final-state (nS°)3p^ 
interaction near threshold of the reaction K~{pn)3s-^ -^ (r2S°)3pj. 



7.3 S— wave amplitude /q {0){nT.";^Pi) of K d scattering 

The amplitude /q^ '^(0)(„eo.3p^) can be computed similar to /q^ '^(0)(nAO;3Pi). The sum- 
mation over polarisations of the coupled baryons is defined by (jfj.lfij) . This gives the 
imaginary part of the amplitude /q^ '^(0)(„s0;3pi) equal to 



Tm /o^"'^(0)(„s0;3p,) = 4.6x10-^ 



m: 



ftp 



37r^ 1 + m,x/mid 2mN + mix 



x[C 



(nS0;3Pi)-|2 I _f(nS0;3Pi) 
K^pn 



l/r(p„?s;)(MI =l-9xl0-^fm. (7.12) 

^''For simplicity we use the equal masses of baryons for the calculation of the rescattering of the nl]° 
pair, where niB = y/{2mN + mKY - 4fco/2 = 1070 MeV. 
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The real part of /q^ '^(0)(„sO;3Pi) reads 



7^e/o^"'^(0)(„20;3po = 4.6x10- 



m" 



^2 



(nE";3Pi) ,2 



127r2 1 + mK/nid 1 + mK/2mB ^ ^p""''^'^ 



x|/?-r3sl)(Mr^(4,;^)-0.05xlO-3fn., 



(7.13) 



where A = rriN and m^ = A/(2m^vTm^)2^^4fcg/2 = 1070 MeV. 

The S-wave amphtude /q^' '^(0)(„sO;3Pi) of K~d scattering near threshold, caused by 
the two-body inelastic channel K~{pn)3Si -^ (^S*^)3p^ -^ K~'{pn)3Sj^, is given by 



/o (0)(nEO;3p,) = (0.05 + U.90) X 10-3 fm. 



(7.14) 



Now we proceed to computing the S-wave amplitude /q^ '^(0)(nEO;iPi) oi K d scattering 
near threshold, saturated by the intermediate (?2S°)ip^ state. 



7.4 Reaction (nE^)ip^ -^ K {pn)3Q,^ 

The amplitude of the reaction (nS°)ip^ -^ K~{pn)3Q,^ is defined by 

[M(i?, crp)7u^(-i?, o-„)] • [n'=(A?, ai)77^M(-A?, as)] .(ns0;ipi) 



1 r* fl* K"^ + i n^ K 



f 



K-{pn;^S 



\){h)- 



(7.15) 



The effective Lagrangian of the transition (nS°)ip^ — > K {pn)iSi at threshold can be 
defined by 

^(nE0;^P,)^,.-(,„;3s,)(^) = ^^"-'iS!) K~Kx) [p{x)^n%x)] . [n^(x)7°7f S°(x)]. (7.16) 

Using the effective Lagrangians ()7.3|) and ()7.4j) . and the prescription for the projection of 
the four-baryon operators onto the ^S^ (g) ^P^ and ^Si (g) ^Pi states ()7.5|) we obtain the 
effective coupling constant C^"_. ^.sg > equal to 



C 



(nAO;lPi) 
ii:-(pn;3Si) 



2 X 10-^MeV"3. 



(7.17) 



The Lagrangian ()7.16p describes the interaction of the nS° pair in the ^Pi state with the 
np pair in the ^Si through the emission of the i^~-meson. 



7.5 Amplitude of (nS'^)ip^ rescattering 

The amplitude /^" ^ ^ (ko), describing the rescattering of the nS° pair in the ^Pi state 
near threshold of the K~pn system production, is defined by the Feynman diagrams 
analogous to those depicted in Fig. 6. The result of the calculation reads (see Appendix 
E) 



.(nSO;lPi) ,, ^ 



1 



C„Eo(^Pi) kl 



247r2 E{kQ 



in 



Ejko) + ko 
E{ko) - ko 



I TV 



-1 



(7.18) 
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where E{kQ) = ^/^'+m^^^ and the effective couphng constant C(nAO)(^Pi) is equal to 

C„Eo('Pi) = C(„AO)(iPi) = 0.7 X lO-^MeV-l (7.19) 

The rescattering of the ?7.S° pair in the '^Pi state is defined by the interaction 

^(nEO;3p,H(nEO;3po^^^ = -ic^EoePi)) pO(a;)77V(a;)] ■ [n^(x)77'S°(x)]. (7.20) 

The amphtude /g^ '^(0)(nSO;iPi), caused by the intermediate (?2S°)ip^ state we define as 
follows. 

7.6 S— wave amplitude /q^ '^(0)(nEn;iPi) of K^d scattering 

The result of the summation over polarisations of interacting baryons is given by ()6.31|) . 
Hence, at threshold the imaginary part of the S-wave amplitude of K~d scattering, caused 
by the intermediate (nE°)3p^ state, is equal to 

X IC^iS;,]' l/r,Ss'.,(*o)l^ = 0.1 X 10-»fm. (7.21) 
The real part of /q^ '^(0)(„AO;ip^) reads 

7^e/o^''^(0)(„^o.lp,^ = 4.6 x 10^^ -^ ^^ % [c!^-r%\]' 

•'^ ^ '^""^ ' ^'' 247r2 l + niK/md l+mK/2mB ^ ^ (p";'Si)J 



X l/t';S!'4.(*»)r^(i->) = 2 X 10-°fa- (7.22) 



Thus, the S-wave amplitude /q^ '^(0)(nEO;iPi) oi K d scattering, caused by the two-body 
inelastic channel K~{pn)-ssi -^ (^S°)ipj -^ K^{pn)-ssi, is equal to 

/o'''''(0)(nEO;iPO = (0.02 + ^1.00) X 10-^ fm. (7.23) 

Now we can estimate the contribution of the two-body inelastic channel K~{pn)3Si -^ 
nTP -^ K~{pn)3Si to the S-wave amplitude f^ "^(0) of K~d scattering near threshold 
and the energy level displacement of the ground state of kaonic deuterium. 

7.7 S— wave amplitude f^ ^(0)„eo and the energy level displace- 
ment 

The S-wave amplitude of K^d scattering at threshold, saturated by the inelastic channel 
K~{pn)3s-^ —>■ nTP —>■ K~ [pn)3^^ with the nTP pair in the ^Pi and ^Pi state, is equal to 
the sum of the contributions ()7.14|) and ()7.23|) 

/o^~'^(0)nso = (0.05 + i 2.00) X 10"^ fm. (7.24) 



^^For simplicity we use the equal masses of baryons for the calculation of the rescattering of the nhP 
pair, where wib = y/i2mN + mKY - 4fco/2 = 1070 MeV. 
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The contribution of the decay A^d -^ nA^ to the energy level displacement of the ground 
state of kaonic deuterium amounts to 

- eif °^ + ^ ^Y~ = ^°^ /o''"'(0)nso = (0.03 + 1 1.2) eV. (7.25) 

Hence, the partial width of the decay Axd -^ ""-A is equal to T\g = 2.4 eV. 

According to jSSlj the experimental rate of the production of the raS° pair at threshold 
of the reaction R-d -^ nYP is equal to R{K-d -^ nTP) = (0.337 ± 0.070) %. 

Using our estimate of the partial width, Fj^^ = (2.40 ± 0.48) eV, where ±0.48 eV 
is a theoretical accuracy of the result, and the experimental rate, R{K~d — »• nE°) = 
(0.337 ± 0.070) %, we can estimate the expected value of the total width of the energy 
level of the ground state of kaonic deuterium 

Tu = 7 — ^ 7 = (700 ± 200) eV. (7.26) 

(0.337 ± 0.070) X 10-2 ^ ^ ^ ^ 

This value is compared well with our estimate Fi^ = (570 ± 130) eV, which we have made 
in Section 6 using the theoretical value of the partial width of the decay A^d -^ ^A° and 
the experimental rate of the nA° production in the reaction K~d —> nA^. 

8 Amplitude of reaction K~{pn)3s^ ~^ P^~ ~^ ^~{P'^)^^i 
and the energy level displacement 

The amplitudes of the reactions K~{pn)3Si ~^ (pS )x, where the pS^ pair couples in the 
X = ^Pi and ^Pi state, we define as 

3td \ _ •r^(pS-;3Pi) 






K-{pn-SSi) 



^ r, ^np'^np^ "T ^ ^np^ 



Ip ^ _ -^(pS-;!?!) 



[M^(-i?, an)iu{K, ap)] ■ [u{-k, a2)7°77^^''(fc, Qi)] .(ps-;ipi) ,, . 

^ 1 JK-(pn-;iSi)y'^^)-' 



l.l) 



where f^-, ^.3g -,(^0) is the amplitude of the final-state pE interaction near threshold 
of the reaction K~{pn)3s^ —^ (pS-)x and CJ^^, '^j^ ^ is the effective coupling constant of 
the transition K~{pn)3s-^ -^ [pj]^)x, where X = '^Pi or ^Pi. 

8.1 Effective coupling constant C^_ 

The transition pS^ —>■ K~pn, induced by the one-pseudoscalar meson exchange, is de- 
fined by the set of Feynman diagrams depicted in Fig.9. The Feynman diagrams for the 
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Figure 9: Feynman diagrams describing the effective coupling constant C^_ ^ of the 
transition pL^ -^ K~pn in the one-pseudoscalar meson exchange approximation. 
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Figure 10: Feynman diagrams describing the contribution of scalar mesons to the effective 
couphng constant of the transition pS" -^ K~pn in the one-pseudoscalar meson exchange 
approximation. 



transition pS^ — > K^pn, determined in the one-pseudoscalar meson approximation with 
scalar-meson exchanges, we adduce in Fig. 10. 

In the momentum representation the amplitude of the transition pH^ -^ K^pn, de- 
termined by the Feynman diagrams in Fig.9, reads 

M{p{k,ai)J:-{-k,a2) -^ K-{0)p{K,ap)n{-K,(r,,))p = 

= a/2 (2a - ifgl^N x u{kp,ap)i-f^ -^i'j^u{qp,ap) 



X 



1 



mj^ - (gs- - K, 



mso - kp- Qk 
X [u{kn,an)i'j^u{qY;-,aj:-)] 



X 



V^ r 1 

-- (2a - 1) (3 - 2a)2 g^^^ x u{kp, (Tp)i-f^ -^ 

■J L mAo - kp- Qk 

X [u{kn,an)i'j^u{qY;-,aj:-)] 



i'J^uiqp, ap 



"^x - (fe- ~ f^r. 



-V2{2a-l)gl^^x u{kn,(yn)il 



mn - gs- + Qk 



«7 Ml9s-,as-. 



X 



^l - iip - K 



X [u{kp, (Tp)i-f^u{qp, ap)] 



-2V2{l-a){2a-l)gl,^^x u{kn,(Tn)il 



1 



mj:~ -kn-Qx 



-h^u{qj:-,aj:-) 



X 



^l - {% - kpf 



X [u{kp, (Tp)i-f^u{qp, ap)] 



+ 2V2{2a-l)g 



ttNN X 



u{kp, ap)i'j'- 



mn - gs- + Qk 



«7 Mlfe-,tts- 
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X 



^l - iip - K 



X {u{kn, an)i'J^u{qp, a^)] 



+ 2V2il-a){2a-l)gl^^x 



u{kp, o-p)i7' 



mso - kp- Qk 



i'l^u{q^-,aj^-) 



X 



— —-r X [u{kn, crn)i'J^u{qp, ap)] 

mi - {Qp - kpY 



2^/2 



a (3 - 2a) gl^^ x u{kp, ap)i-i 



1 



rrij^o — kp — Q 



-i'l^u{qT.-,a^-] 



X 



^l - (qp - hf 



X [u{kn, an)h^u{qp, ap)] 



\f2 r 1 

+ — - (2a - 1) ^^^^ X u{kn,(Jn)il^ : 7— 

'^ '- rUn- qj]- + Qk 



K 



t-l MUs-,aE-. 



1 



X 



^l - {% - Kf 



X [u{kp, (rp)i-f^u{qp, ap)] 



2\f2 s T- "s 1 
+ — -a(2a- l)(3-4a)^^^^ X M(A;„,a„)27 j— 

i L rriY,- - kn - Qk 



il^u{qj:-,as-] 



1 



X 



m^ - (qp - kp) 



X [u{kp, ap)i-f^u{qp, ap)]. 



(8.21 



Near threshold of the transition pH ^ K pn the set of diagrams in Fig. 9 we represent 
in the form of the local effective Lagrangian 



4f--^-^"(a:)p 



-V2 



i2a-l)^gl 



NN 



m|. - (Es- - mN)"^ + /cq ms + rriN + mK 



n{x)i'y S {x)][p{x)p{x)] 



V2 i2a-l)i3-2a)^gl^^ 



+ ^r- 



3 mj^ - {Ey,- - TUnY + ^0 "^AO + "^Af + TTlK 



[n(a;)i7^S (a;)] [p(a;)p(a;)] 



v^ 



{2a-l)g 



ttNN 



itlm + mx - niY. 



ml - {En - m^Y + kl m% - {Ej^- - mK^ + -q 

1 



-2 [■n{x)Ti {x)][p{x)i'y p{x)] 

Kn 



+ 2V2 (^ " ") (2a " ^) ^-^^ 



m 



2 - (Ejv - itt-n)'^ + /eg ms + mAT + mK 



n{x)Il {x)]\p{x)i'y p{x)] 



NN 



rniN + m,K — rnj] 



2V2 (^"-^)^- 

ml - {En - mN^ + k^ m% - {Ej^- - mK^ + k^ 

2v^ (l-«)(2«-l)^^iViv 1 



[p{x)I] {x)][n{x)i'y^p{x)] 



ml - {En - mNY + /cq ^s + ^n + mK 



+ 



2V2 a(3-2a)^; 



NN 



3 m^ - (£'jv - mNY + /cq mAo + mN + mi^ 
a/2 (2a-l)5(^^jv mN + mK-mY. 



3 m2 - (Ejv - "^Af)^ + kl m% - {Ej^- - mK^ + k^ 



[p{x)I^^ {x)][n{x)i'y p{x)] 
[p{x)T.^ {x)][n{x)i'j^p{x)] 

n{x)T.^{x)][p{x)i'j^p{x)] 



2 V2 a (2a - 1) (3 - 4a) ^^ 



AfAT 



1 



3 m2 - (E^ - mAr)2 + kl m^ + ^at + m^ 
where Ej^- = 1302 MeV, En = 1072 MeV and ko = 516 MeV. 



n{x)T, {x)][p{x)i'y^p{x)], (8.3) 
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The effective Lagrangian of the transition pE -^ K pn, defined by the Feynman 
diagrams in Fig. 10 with the scalar-meson exchanges, is equal to 

1 1 {2a-l)gl^^ 



2 {n.{x)i'y H {x)]\p{x)p{x)] 
- -r A. 



^/2 gAFn mj^ - {Ey.- - niNf + kl 
1 1 {2a-l)gl, 

a/2 QaF-^ ml - {En - rriNY + kl 
1 (2a - 1) (3 - 4a) gl^^ 



3^2 9aF^ m'^n - (En - mN^ + kl 



[n{x)Y. {x)][p{x)i-i^p{x)]. (8.4) 



Recall that the contribution of the scalar mesons is computed in the infinite mass limit 
corresponding to the non-linear realization of chiral symmetry. The effective Lagrangians 
defining the transitions (pS^)3p^ -^ K~{pn)sQ,^ and (pS^)ip^ -^ K^{pn)z^^ can be derived 
from (j8.3p and (j8.4j) by means of the Fierz transformation (see (16. 4j) and (j6.5p ) 

[n{x)'y^Tj~ {x)][p{x)p{x)] — ^ + T [n{x)'y p'^{x)] ■ [p^(x)7 7^S^(a;)] 

- ^ [n{x)^p\x)\ ■ [p'=(x)7°7 7^S~(x)], 
[n{x)Tj^ {x)][p{x)'y^p{x)] — * [n{x)'yp'^{x)] ■ [p'^{x)^ 'j^T.^ (x)] 

- -^ \n[x)ip\x)\ ■ [p'=(x)7°7 7^S~(x)], 
[p(a;)E"(x)][n(x)7^p(x)] ^ + t [n(x)7p'^(x)] ■ [p^(x)7 7^S"(a;)] 

+ - {n{x)^p''{x)\ ■ [p'=(x)7°77^S~(x)]. (8.5) 

Substituting ()8.5p into ()8.3p and ()8.4p we obtain the effective Lagrangians responsible for 
the transitions (pS~)3p^ -^ K^{pn)3s-^ and (pS~)ipj —>■ K~ {pn)z^^. 

8.2 Reaction (j3S")3p^ -^ K^{pn)3Q,^ 

The amplitude of the reaction (pS~)3p^ — ;> i^~(pn)3si is defined by 

M(p(fc,ai)S-(-^,a2) ^ ir-(0)p(i?,a,)n(-i?,aO;'Pi) = '^ ^^^''-''(3!) 
[72(i?, o-p)7M'=(-i?, o-„)] ■ [u^(A;,ai)77^u(-A;,a2)] ,(pE-;3pi) 



X 



1 r* 0* K"^ — i n^ K 



/r(p;;3si(^o), (8.6) 



where /^-(p^.ss )(^o) is the amplitude, describing the pS rescattering in the ^Pi state 

"y(pS-;3Pi) 
^X-(pn;3Si) 



near threshold of the K {pn)isi system production and Cj^_, „.3g -> is the effective coupling 



constant of the transition (pS^)3p^ -^ K~{pn)3Q,^. 

The effective Lagrangian of the transition (pS~)3p^ — > K^ {pn)-iQ,^, computed at thresh- 
old, reads 

^(pE-;3po^i.-(pn;3so^^^^ ^ ^ ^^P_E-.3p,)^ ^_t^^^ [n(x)7P^(x)] ■ [p^(x)7 f S" (x)]. (8.7) 
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The effective coupling constant C^_, '^..j,^\ is defined by 



C 



(pS-;3Pi) 
i^-(pn;3Si) 



(2a 



1) 9ttNN 



+ 



2v^ m2^ - (Es- 
(2a - 1) (3 



TUN 



)2 + /cn ms + mAT + mx 



2tt)'^^iV7V 



3^2 "^^ - (-^s- - ^nY + ^0 "^AO + ^N + "^i^ 



(2«-l)^^ 



AfAT 



m^v + ^i^ — ^s 



2^2 "^^ - (^JV - mNY + k^m%- {Ej^- - mi^)2 + k^ 
1 (l-a)(2a-l)(?3^^ 1 



^/2 ml- {En - m^ 
1 (2a -1) (7,3 



ATAf 



rriN + rriK - mj^ 



a/2 m^ - (En - m^y + kl m 
1 (l-a)(2a-l)(73 



tNN 



1 



mx 



)2 + A;2 



+ 



+ 



v/2 m^ - (En - 171^^ + /cq "^s + "^Af + mx 
1 a (3 - 2a) gl^N 1 



3^2 "^^ - {En - ruNY + /i;o m^o + niN + ttik 



1 



(2a -1)^; 



NN 



itln + mx - ms 



6^2 m2 - (E 



N 



TUN 

I a {2a- 1) (3 - 4a) ^f^jvAf 



2 + A;2m^-(Es--mK)2 + A;2 
3 1 



3^2 "^^ - {En - rriNy + k"^ m^ + rriN + m^^ 



1 



1 



(2«-l)^^ 



ATAf 



4v/2 fi-^i^TT "^^ - {Ey;- - mNY 
11 (2a - 1) glNN 






4V2 9aF^ ml - {E_ 



N 



mN) 






+ 



1 1 (2a - 1) (3 - 4a) qInn 



12^2 QaF^ ml - {En - mN^ + kl 



7x 10^'MeV 



The amphtude f k- (pn-'isi)^^^) ■> describing the rescattering of the pS pair in the ^Pi state 
near threshold of the K~{pn)3Si system production, is defined by the Feynman diagrams 
similar to those depicted in Fig.6. The procedure of the calculation of these diagrams is 
expounded in Appendix E. The result of the calculation reads 






CpE-(^Pl) 

127r2 



1,3 



E{ko 



in 



E{ko) + kc 
E{ko) - h 



— in 



0.6, (8.9) 



where E{ko) = \/k\ + m^ ^^ and the effective coupling constant Cp^- ("^Pi) is equal to 



a 



pS- 



^Pi; 



a 



dwNN 

2k Q 

-4- 



in(l + ^)+ a{3 - 4a) ^ £nf 1 + 



2 

TV 

Qk 






4.0 X lO^^MeV 



^.10) 



^®For simplicity we use the equal masses of baryons for the calculation of the rescattering of the pS 
pair, where tub = \/{2mN + rriK)^ - Akl/2 = 1070 MeV. 
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The rescattering of the pS pair in the ^Pi state is defined by the interaction, computed 
in the one-meson exchange approximation 

^(PE-;3P,H(PE^-P0^^^ ^ _ 1 c^^_(3p^)) [S-(x)77y(a:)] ■ [p^(x)77'S-(x)]. (8.11) 

We would hke to remind that the interaction (jS.lip defines also the final-state (pS~)3pj 
interaction near threshold of the reaction K~{pn)3p^ — > (pS~)3p^. 

8.3 S— wave amplitude /q^ '^(0)(pE-;3p^) of K^d scattering 

The amplitude /q^ '^(0){ps-;3Pi) can be computed in a way similar to /q^' '^(0)(„ao.3p^) and 
/o^ '^(0)(nsO;3Pi)- The result reads 

/o"-^(0)(..-;3p, = 4.6 X 10-3 ^ ^^^ [Ci^iSir l/^T5s:)(fco)P 



^i pfJL AUv ^ 



(0.02 + i 0.7) X 10^3 fj^^ (8 12) 



Now we proceed to computing the contribution of the reaction (nS°)ip^ — > K~{pn)iQ,^. 

8.4 Reaction (j9E-)ip^ -^ K^{pn)3Q,^ 

The amplitude of the reaction (pS-)ip^ — > i^^(pra)3Si is defined by 

Mip{k,a^)J:~{-k,a2) -^ K-{0)p{K,ap)n{-K,an);'Pi) =iCJ,^^~^^^^^^^^ 

1 ^ ^ 2 . t •'-ft:-(pn;3Si)V O''' I • J 

i — — r^pQj^pK + « O-npi^ 

The effective Lagrangian of the transition (pS-)ip^ -^ K^{pn)3g^ at threshold can be 
defined by 

^(pE^-P,)^i.-(pn;3s.)(^) ^ ^^^,E-J0^ ^^t(^) [n(a:)jf{x)] ■ [p^(x)7°77'S-(x)]. (8.14) 

Using ()8.3|) . ()8.4|) and ()8.5p we compute the effective coupling constant C^_, n-3s )■ ■'■^ ^^ 
equal to 

4"-T;S) = -12xlO-^MeV-. (8.15) 

The Lagrangian ()8.14|) describes the interaction of the pS" pair in the ^Pi state with the 
np pair in the ^Si state through the emission of the i^--meson. 

8.5 Amplitude of (]7E )ip^ rescattering 
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The amplitude /^-(p^.ss V^o); describing the rescattering of the nTP pair in the ^Pi 
state near threshold of the K~pn system production, is given by (see Appendix E) 



f (pS-;lPi) 






'E{ko) + ko 



I TV 



~E{ko) - ko 
The effective coupling constant Cps-(^Pi) is equal to 

CpE-('Pi) = Cps-('Pi) = -4.0 X lO-^MeV-2. 
The rescattering of the pS~ pair in the ^Pi state is defined by the interaction 



0.8. (8.16) 



^(pS-;lPi)^(pS-;lPi)/ X 



V 



Pi) [S-(x)77y(a;)] ■ [p'=(x)77'S-(x)]. 



(8.17) 



^.1^ 



Recall that according to J5T] the effective coupling constant Cps-(^Pi) is computed in the 
one-pseudoscalar meson exchange approximation. 



8.6 S— wave amplitude /g {0){pT.-;^Fi) of K d scattering 

The S-wave amplitude /g^ '^(0)(ps-;iPi) of K^d scattering near threshold, caused by the 
reaction K~{pn)3s-^ — > (pS~)ip^ -^ K~ {pn)^^,^, is equal to 



/o''""(0)(pE--Pi)= 4.6x10 



-3 



m^ 



6n'^ 1 + rriK/md 



A-2 



,p(±k^\ 



+ i 



l3 
ftp 



Al + rriK/^mB \mB' itib' 2miy + ttik 






(0.05 + U.8) X lO^'^fm. (8.19) 



Now we can compute the contribution of the two-body inelastic channel K~{pn)3s-^ — > 
pS^ -^ K^{pn)3s^ to the S-wave amplitude f^ '^(O)ps- of K~d scattering near threshold 
and the energy level displacement of the ground state of kaonic deuterium. 



8.7 S— wave amplitude f^ '^{0)pY.- and the energy level displace- 
ment 

The S-wave amplitude of K~d scattering at threshold, saturated by the inelastic reaction 

K~{pn)3s-^ -^ pTi^ — > K'~{pn)is-^ with the pS" pair in the ^Pi and ^Pi state, is equal to 
the sum of the contributions ()8.12|) and ()8.19|) 



/o (0)pE- = (0.07 + ^2.5) X 10-^ fm. 



^.20) 



The contribution of the decay A^d -^ P^ to the energy level displacement of the ground 
state of kaonic deuterium amounts to 



-p(nSO) 

4f ^ + ^ ^7^ = 602 f^'^iOUo = (0.04 + 1 1.5) eV. 



(8.21) 



Hence, the partial width of the decay Axd —^ pA is equal to T{g 



(pS-) 



3.0 eV. 
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According to J2S1, the experimental rate of the production of the nTP pair at threshold 
of the reaction K~d — *• pS~ is equal to R{K~d — > pS~) = (0.505 ± 0.036) %. 

Using our estimate of the partial width, Tf^ = (3.0 ± 0.6) eV, where ±0.6 eV is a 

theoretical accuracy of the result, and the experimental rate, R{K^d -^ nT,^) = (0.505 ± 

0.036) %, we can estimate the expected value of the total width of the energy level of the 

ground state of kaonic deuterium 

p(ps-) 

Ti, = i^ ^ r = (590±130)eV. (8.22) 

^" (0.505 ± 0.036) X 10-2 ^ ^ ^ ' 

This value is compared well with our estimate Tu = (570 ± 130) eV and Tu = (700 ± 
200) eV, which we have made in Sections 6 and 7 using the theoretical values of the partial 
widths of the decays Axd —>' i^-^^ and A^d —>' "^^^ and the experimental rates of the nA'^ 
and na^ production in the reactions K~d —>■ nA^ and K~d -^ nS°. 

9 Comparison with experimental data and the en- 
ergy level displacement 

The imaginary parts of the amplitudes /q^ '^{0)ny with NY = nA^,nTi^ and pS^ are 
proportional to the cross sections for the reactions K~d -^ nA°, K~d -^ nTP and K^d — > 
pTi~ near threshold. According to the experimental data by Veirs and Burnstein [33], the 
production rates of NY pairs in the reactions K~d — ^ nA°, K~d -^ nTP and K~d — > pS" 
are equal to: 

R{K-d^nA^) = (0.387 ±0.041)%, 

R{K~d^nTP) = (0.337 ±0.070)%, 

R{K'd^pT.-) = (0.505 ±0.036)%, 

R = J2Ri^~d^NY) = (1.229 ±0.090)%. (9.1) 

NY 

The ratios, independent on a total yield, read 

, . n , n. RiK'd -^ nA°) 
R{A^/TP) = -)-7r 3 —( = (1.15 ±0.27), 



R{K-d -^ nSO) 
^^^ /^ ) = R{K-d^pj:-] 



(0.68 ±0.15), 



,.n, ^ RiR-d^nA^) , , , , 

For these ratios we predict the following theoretical values 

i?(AVS°) = ^"^/o'' '(0U° ^ 1.0 j, 0.3 
Xm/o^-'^(0)„so 

i?(S7S-) = ^^/o^"'(OW =o.8±0.2, 

i?(AO/s-) = ^^/o'' '(0)nA° =0.8 ±0.2. (9.3) 
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The theoretical predictions agree well with the experimental data. 

We would like to emphasize that according to the requirement of isospin invariance 
the ratio i?(S°/E~) of the cross sections for the reactions K~d — >■ nTP and K~d — >■ pS" 
should be equal to 

R{TP/^-) = 0.5. (9.4) 

We would like to notice that the strength of the forces responsible for the transitions 
K~d — »• nS° and K~d — >■ pS~ is of order of a strength of the forces violating isospin 
invariance. Indeed, relative mass differences of the neutron and proton (m„ — mp)/mjq = 
0.138% and the charged and neutral i^-mesons {nij^o —mK-)/rnK = 0.607% are of order 
of the production rates of the NY pairs near threshold of the reactions K''d -^ NY. 
Therefore, a departure from the isospin invariance for the ratio of the cross sections of 
the reactions K~d — >■ nE° and K~d — >■ pE~ should not be a surprise j33j . 

The contribution of the inelastic two-body channels K~d -^ NY to the energy level 
displacement of the ground state of kaonic deuterium is given by 

- et^°'^ + i'^^^ = 602 /o^"'^(0)„AO = (- 0.10 ± 0.02) +i(l.l± 0.2) eV, 

r^"^°^ 

-eS"^^+i^^ — = 602/o^ '^(0)„so = (+0.03 ±0.01) + i (1.2 ±0.3) eV, 



i^^^ = 6O2/0'' ''(O)pE- = (±0.04 ±0.01) ±i (1.5 ±0.3) eV. (9.5) 






The partial widths T[g ' , equal to 

rif°) = (2.2±0.5)eV, 
p(nEO) ^ (2.4±0.5)eV, 

rSf"^ = (3.0±0.6)eV, (9.6) 

are compared well with theoretical estimates discussed by Reitan [S2] 

0.66 eV< f ^l^^o) j <190eV, 

0.66 eV< rjf"^ <3.95eV. (9.7) 

The S-wave amplitude f^ '^(O)(two-body) of K^d scattering near threshold, caused by the 
two-body inelastic channels K^d —>■ NY -^ K^d with the intermediate NY = nA^,nTi^ 
and pS~ states, is equal to 

/o'^"''(0) (two-body) = (- 0.08 ± 0.02) ±z (6.4 ±0.8) x lO^^fm. (9.8) 

The energy level displacement of the ground state of kaonic deuterium caused by the 
inelastic two-body decays Ak^ -^ nA^, A^d -^ nTP and Axd -^ P^~ is equal to 

p (two— body) 

(two-body) . £ls _ f.r.r) rK-d(r\\ _ 

- eis ±^ ^ - 602 /o (Oj (two-body) - 

= (- 0.05 ± 0.01) ±i (3.9 ± 0.5) eV. (9.9) 
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Using the experimental value of the total production rate R = (1.229 ± 0.090) % and our 
theoretical prediction for r![™° ° ^ , given by ()9.9j) . we can estimate the expected value 
of the total width of the ground state of kaonic deuterium 



Tis 



Z^NY ^ Is ^ Is ~T~ ^ Is T" ■■- Is 



;i.229 ± 0.090) X 10-2 (1.229 ± 0.090) x lO'^ 

'^■^^^•° =(630±100)eV. (9.10) 



;i.229± 0.090) X 10- 



This value agrees well with the estimates ()fi.H7|) . ()7.2(')j) and (I8.22|l . 

Following the estimate of the total width, based on the theoretical values of the widths 
of the decays Axd -^ nA^, nS° and Axd -^ P^~ and the experimental rates of the reactions 
K~d — i> nA*^, K~d -^ nTP and K~d -^ P^~ , we can estimate the expected contribution 
of the three-body decays Aj^d -^ NYtt to the shift of the energy level of the ground state 
of kaonic deuterium. We get 

^(three-body) ^^g^g^^^_ (9.11) 

This implies that the contribution of the inelastic channels with two-body K~d -^ NY —>■ 
K~d and three-body K~d —>■ NYn —>■ K~d intermediate states to the real part of the 
S-wave amplitude of K^d scattering near threshold is negligible small, and the real part 
of the S-wave amplitude of K~d scattering near threshold is fully defined by the Ericson- 
Weise formula for the S-wave scattering length ()4.18|) . This gives the following value for 
the shift of the energy level of the ground state of kaonic deuterium 

ei, = -602 {4'%y, + e(f — b°<iy) = (353 ± 60) eV. (9.12) 

Thus, we predict that the S-wave amplitude of K'd scattering near threshold is equal to 

/g^"'^(0) = (- 0.586 ± 0.095) + i (0.521 ± 0.075) fm, (9.13) 

This defines the energy level displacement of the ground state of kaonic deuterium 

- eu + i-^ = 602 /o^"'^(0) = (- 353 ± 60) + i (315 ± 50) eV. (9.14) 

A confirmation of these estimates should go through the calculation of the contributions of 
the reactions K~ [pnjz^^ — > NYt^ to the amplitude of low-energy elastic K~d scattering. 

10 Conclusion 

The quantum field theoretic and relativistic covariant approach, developed in |l]-[ni for 
the description of the energy level displacement of the ground and excited states of pionic 
hydrogen [U E] and the energy level displacement of the ground state of kaonic hydrogen 
|H], we have applied to the analysis of the energy level displacement of the ground state 
of kaonic deuterium and the S-wave amplitude of elastic K~d scattering near threshold. 
According to 111-0 we have represented the energy level displacement of the ground 
state of kaonic deuterium in terms of the momentum integrals of the amplitude of elastic 
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K~d scattering for arbitrary relative momenta of the K~d pair weighted with the wave 
functions of kaonic deuterium in the ground state. The knowledge of this amplitude 
should allow to compute the energy level displacement of the ground state of kaonic 
deuterium without any low-energy approximation. As has been shown in !1]-[H1 the 
low-energy reduction of our representation of the energy level displacements of exotic 
atoms reproduces the well-known DGBT formula with additional corrections caused by 
the smearing of wave functions around the origin. Such a smearing is defined by the 
relativistic factors, related to the recoil energies of the nuclei ^ . These corrections are 
negative and of order 1 %. They are universal for all exotic atoms, the existence of which 
is caused by Coulombic forces. Since the experimental accuracy of the measurement of 
the energy level displacement of the ground state of pionic hydrogen, reached recently 
by the PSI Collaboration ^^, is of order 1%, the corrections, obtained in jlj, play an 
important role for the correct extraction of the S-wave scattering lengths of t:N scattering 
from the experimental data on the energy level displacement of the ground state of pionic 
hydrogen 1^0] . 

Since the experiments on the energy level displacement of the ground state of kaonic 
deuterium are in the stage of preparation, for the analyses of the energy level displacement 
of the ground state of kaonic deuterium we can neglect the correction of order of 1 % and 
use the DGBT formula. 

In the analysis of the energy level displacement of the ground state of kaonic deu- 
terium using the DGBT formula the main object of the theoretical investigation is the 
S-wave amplitude f^ '^(O) of K~d scattering near threshold. As has been pointed out by 
Ericson and Weise ^ for the analysis of elastic low-energy tt'c? scattering, the S-wave 
scattering length of 7r~(i scattering can be represented in the form of the superposition of 
the S-wave scattering lengths of ix^p and ix^n scattering, realizing so-called the impulse 
approximation, and the term, describing elastic 7r~pn scattering. 

Following Ericson and Weisc 3j and assuming that at threshold the S-wave amplitude 
of K~d scattering is defined by the superposition of the S-wave amplitudes of K~p and 
K~n scattering, reproducing the impulse approximation, and the S-wave amplitude of the 
three-body to three-body reaction K~{pn)3s^ —>■ K~{pn)3s^, where the np pair couples 
in the ^Si state with isospin zero, we have introduced the wave function of the ground 
state of kaonic deuterium and the wave function of the deuteron in the momentum and 
the particle number representation in terms of the operators of creation of the i^~-meson, 
the proton and the neutron. In Appendix A we have shown that these wave functions 
describe the bound K~d state and the bound np state with quantum numbers of the 
deuteron. 

We have shown that due to such a representation of the wave function of the deuteron, 
the S-wave amplitude of K~d scattering at threshold can be represented in the Ericson- 
Weise form. The real part of the S-wave amplitude of K~d scattering contains two terms, 
defined by the S-wave amplitudes of K~p and K^n scattering near threshold, and the 
terms coming from the interaction of three-body scattering K~{pn)3s-^ -^ K~{pn)3^^. The 
imaginary part of the S-wave amplitude of K~d scattering near threshold is fully defined 
by S-wave amplitude of three-body scattering K~(jm)za,^ -^ K~{pn)3Si- The amplitudes 
of elastic K~p, K~n and K~{pn)3s-^ scattering are weighted with the wave functions of 
the deuteron in the momentum representation. 

We would like to accentuate that the Ericson- Weise form of the S-wave scattering 
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length of ir'd scattering has been derived within a potential model approach. We have 
proved this form within the quantum field theoretic approach [30j and have derived the 
K~d version of this formula. The main object of the Ericson-Weise formula, (l/ri2), 
where l/ri2 is the inverse distance between the proton and the neutron averaged over all 
positions of them jH], we have computed equal to (1/7^12) = 0.69 771,^ for Tr~d scattering 
jHO] agreeing well with the Ericson-Weise value {l/ri2) = 0.64 myr |S]- 

We have shown that in the case of K~d scattering the Ericson-Weise term, caused by 
elastic three-body K~{pn)3s-^ scattering, is defined by the S-wave scattering lengths of 
^A^ scattering a^ and a^ with isospin zero and one, respectively, Oq for / = and 1 = 1. 
In our approach the real part TZe f^ ^{0) of the S-wave amplitude of K~d scattering 
near threshold is defined by the Ericson-Weise kind expression and the contribution of 
the inelastic channels of three-body reaction K~{pn)3s^ — >■ K~{pn)3s^. 

The term of the Ericson-Weise formula, defining the impulse approximation, takes the 
form of the superposition of the S-wave scattering length Oq ^ of K'^p scattering and the 
S-wave scattering length Qq " of K~n scattering. The S-wave scattering length Oq ^ of 
K~p scattering has been computed in 0. 

For the calculation of the S-wave scattering length a^ " of elastic K~n scattering 
we have followed 0. We have represented the S-wave amplitude of K~n scattering near 
threshold in the form of the contribution of the S~(1750) resonance and the smooth 
elastic background. In our approach [6. the smooth elastic background is given by the 
contribution of defined by the low-energy interactions, which can be described by the 
Effective Chiral Lagrangians (ECL), and the exotic states such as the scalar mesons 
ao(980) and /o(980), which are the four-quarks states (or KK molecule), the description 
of which goes beyond the scope of ECL. Unlike K~p scattering, where the contribution 
of the exotic four-quark states ao(980) and /o(980) is very important for the correct 
description of the smooth elastic background, the scalar mesons ao(980) and /o(980) do not 
contribute to the real part of the S-wave amplitude of K~n scattering near threshold. As 
a result the smooth elastic background is fully determined by the contribution, described 
by ECL. We have computed the smooth elastic background for K~n scattering near 
threshold within the soft-kaon technique ^^ and within the Effective chiral quark model 
with chiral U{3) x f/(3) symmetry [20]. We have shown that these two approaches lead 
to the values of the smooth elastic background of K~n scattering which are compared 
within the accuracy about 10 %. 

This has made the result of the calculation of the smooth elastic background for K~p 
scattering, carried out in [H] within the Effective quark model with chiral f/(3) x U{3) 
symmetry, more credible. Recall, that the calculation of the smooth elastic background 
for K~p scattering within the Effective quark model with chiral U{3) x f/(3) symmetry 
has been justified by the absence of the theoretical and experimental information about 
the coupling constants of the exotic scalar mesons ao(980) and /o(980) with nucleons. In 
[U] we have computed the smooth elastic background for K~p scattering near threshold 
within the Effective Chiral Lagrangian approach and fixed the coupling constants of the 
SNN interactions, where S = ao(980) and /o(980). 

The imaginary part Xm f^ '^(0) of the S-wave amplitude of the three-body reaction 

^ This is equivalent to the leading order in chiral expansion of ChPT by Gasser and Leutwyler with a 
non-linear realization of chiral C/(3) x C/(3) symmetry ^2 realizing the ECL approach to the description 
of strong low-energy interactions of hadrons. 

53 



K~ {pn)3^^ —>■ K~{pn)3Q,^ is determined by the inelastic channels with the two-body in- 
termediate states K~ {pn)i,a,^ — >■ NY — > K~ {pn)3Q,^, where NY is tt-A", hTP and pS~, and 
the three-body intermediate states K~ [pn)^^,^ —>■ NYn —>■ K~ {pn)3a,^. 

We have computed the contributions of the two-body channels K~ {pn)3Q,^ -^ NY -^ 
K~{pn)3Si, where NY is nA°, nH^ and pS~. The calculation of the amplitudes of the 
reactions K~{pn)3s-^ — > NY we have carried out in the one-pseudoscalar and one-scalar 
meson exchange approximation. The contribution of scalar meson is computed in the 
infinite mass limit that corresponds to a non-linear realization of chiral U{3) x U{3) 
symmetry. 

We have shown that the NY pairs in the reactions K~{pn)3s^ —>■ NY can be produced 
in the ^Pi and ^Pi states. Accounting for the rescattering of the np pair in the ^Si state 
and the NY pairs in the ^Pi and ^Pi states we have computed the S-wave amplitudes 
/o^ '^{^)ny of K~d scattering near threshold, caused by the two-body inelastic channels 
K~{pn)3s-^ —^ NY -^ K^{pn)z^^. As has been pointed out in [21] the amplitudes of the 
rescattering of the NY pairs produced near threshold of the reactions K~ {pn)3^^ — > NY 
describe effectively the contribution of the set of resonances with the quantum numbers 
of the NY pairs. 

Using the DGBT formula for the energy level displacement we have computed the 
energy level displacements of the ground state of kaonic deuterium induced by the two- 
body inelastic channels K~{pn)3'g,^ —>■ NY -^ K^{pn)3^-^. Using the experimental data 
on the rates of the production of the states NY is nA°, nS^ and pE~ in the reactions 
K~d —>■ NY, we have estimated the expected value of the total width of the energy level 
of the ground state of kaonic deuterium and the contribution of the three-body inelastic 
channels to the shift of the energy level of the ground state of kaonic deuterium. As 
a result, we have found that the total energy level displacement of the ground state of 
kaonic deuterium should be equal to 

"p 

-^is + ^^ = 602 f^~'^iO) = (- 353 ±QO)+i (315 ± 50) eV 

that corresponds to the S-wave amplitude of K~d scattering near threshold^^ 

f^~'^{0) = (- 0.586 ± 0.095) + i (0.521 ± 0.075) fm. 

The theoretical value of the S-wave amplitude of K~d scattering near threshold and the 
approach, used for the calculation of the contribution of the inelastic two-body channels, 
have been justified by the description of the S-wave amplitude of Tc~d scattering and the 
calculation of the contribution of the inelastic two-body channel ir'd —>■ (?T,n)3p^ —>■ 7r~d 
in agreement with the experimental data on the energy level displacement of the ground 
state of pionic deuterium [Sn| ■ 

Of course, the complete confirmation of the theoretical prediction for the S-wave am- 
plitude of K~d scattering and the energy level displacement of the ground state of kaonic 
deuterium obtained above should go through the calculation of the contribution of the 

^® According to recent calculations of the S-wave scattering lengths oi KN scattering !12| flg — (— 1.50± 
0.05) fm and Op = (0.50 ± 0.02) fm, the single scattering contribution to the S-wave amplitude of K~d 
scattering at threshold, defined by the impulse approximation, vanishes and the S-wave scattering length 
of K-d scattering is equal to /o^~''(0) = (- 0.584 ± 0.095) + i (0.521 ± 0.075) fm. 
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three-body inelastic channels, which we are planning to carry out in our forthcoming pub- 
lication. Indeed, there are seven three-body inelastic channels K~{pn)3s-^ -^ {NY)3s-^7r — * 
K~{pn)3s-^ with NYtt = nS~7r+,pS^7r°,nS°7r'^,pS'^7r", nS+7r~,nA°7r° andpA'^vr", which 
would exceed a reasonable size of this paper. 

The theoretical value of the energy level displacement of the ground state of kaonic 
deuterium obtained above can be used for the planning of experiments on the measurement 
of the energy level displacement of kaonic deuterium by the DEAR Collaboration at 
Frascati. 
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Appendix A. Wave function of the np pair in the bound 
state with isospin zero and spin one 

In this Appendix we show that the wave function of the deuteron ()2.fj|l describes the 
bound np pair in the state with isospin / = 0. In terms of the operators of creation and 
annihilation of the proton and the neutron the operators of isospin read 



?J(2.m(d)"'<*"'"""2''"' 



a=±l/2 ■ 



(27r)32E(g) 



^J(2.)32L:)^"^^^'"^^^^^^'"^ 



a=±l/2 ■ 



/o = - V / — — -— -^[aJ(Q,a)ap(Q,a)-4(Q,a)a„(Q,a)], (A.l) 

a=±i/2-^ v-^r^E^Q) 

where the operator /+(/_) increases (decreases) the isospin eigenvalue of the state. Using 
the anti-commutation relations for the operators of creation and annihilation of the proton 
and the neutron jl] one can show that the operators (A.l) obey the commutation relation 

[4,/o]=t4 , [/+,/-] =2/0. (A.2) 

In order to show that the wave functions ()2.8p describe the bound np pair with the 
isospin zero we have to act by the operator /_|_ on the wave function ()2.8|) . Acting J_|_ on 
\d{kd., \d = ±1)) and using the anti-commutation relations for the operators of creation 
and annihilation of the proton and the neutron jlj we get 

d?kK d?k, 

(27r)3 ' ~ 



t l4J(i^, A, = ±1)) = -j^J o^^ o^^ j2E^^'\kK + kd) 



2EKikK) \J2Ed{kd) 



6^'\P -kK- ka) $1.(4) 7:^ / /\ _Ai^ ^2Ed{k, + K) 

^^""^ -f ^ /2Ep(4) J2E„(4) 



X 5^'\kd - 4 - 4)$d(^^) alikn, ±1/2)4(4, ±1/2)10). (A.3) 

Permuting the operators 

aj(4, ±l/2)at(fcp, ±1/2) = -aj (4, ±l/2)at(4, ±1/2) (A.4) 

and making a change of variables kn — >■ kp and kp -^ kn we transcribe the r.h.s. of (A.3) 
to the form 

^+I^W(^.Ad = ±l)) = ±— — ^ / ^J2E\ '[kK + kd] 



(2 



TT 



2EK{kK) \l2Ed{kd) 



5^^\p -kK- kd) ^uikK) 7^ / /\ dK^ v^2E,(4 ± K 

^^'^> J J2Ep{kp)J2Er,{K) 
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X 6'-'\k, - 4 - 4)$,(^^?L_Aj alikn, ±1/2)4(4, ±1/2)|0). (A.5) 

where we have used the symmetry of the wave function ^d{k ) = $d(— k). The relations 
(A.4) and (A.5) testify that 

/+M(4Arf = ±l))=0. (A.6) 

In analogy one can show that 

tl4'.^^(AA. = ±l)) = 0. (A.7) 

Hence, one obtains that 

/+|AiJj(P,A, = 0)) = 0. (A.8) 

Applying the same procedure one gets that 

/_|AiJJ(P, A,)) = /o|A(JJ(P, A,)) = 0. (A.9) 

This testifies that the wave functions ()2.8|) describe the bound np pair in the state with 
isospin zero. 

One can also easily show that the wave function (j2.8j) describes the np pair in the 
bound state with spin one. The spin operator of the np pair can be defined as 

O = Sp \y i-n I ^p ^ ^Ti- 
lt is obvious that 

5+|AiJj(P, A, = +1)) = 5-|a(JJ(p, a, = -1)) = 0, 

5l4J(P, A. = -1)) = ^-|4-J(P, A, = +1))V2 \Ai'J{P, A, = 0)). (A.ll) 

In turn one can easily show that 

S^\Ai'J{P, A, = 0)) = v^ \A^i'J{P, A, = +1)), 

S-\Ai'J{P,Xci = 0)) = V2\A^i'J{P,X, = -1)). (A.12) 

Thus, the wave function \Aj^^J(P, A^)) given by ()2.(ij) describes the np pair in the bound 
^Si state with isospin zero, / = 0. 

Appendix B. Smooth elastic background of K~n scat- 
tering within Effective quark model with chiral U(3) x 

U(3) symmetry 

Using the expression for the external sources ?7„(x2) and f/„(x3), given by (j3.8p . and 
substituting them in (|3.11|) we obtain 

M{K-n -^ K-n) = i\glgle''''''' e*^' ! d^xid^X2d^x^e''i' ' ^^ + 'P' '^^-ip-x:, 
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X U{p ', a ' )a(i7^)ai6i {C-f^)a2b2 {lt^l^)ac2 {l,yr')cAliyC)a,bs {ir')aibMP^ (^)b 
>^{0\T{ui{xi)a^Se{xi)b^di>{x2)a2dj'{x2)b2Uk'{x2)c2Ui{x3)c3dj{x3)a3dk{x3)b.^St^^^ 

(B.l) 
where the index c stands for the abbreviation connected. 

Making contractions of the u- and s-quark field operators we reduce the r.h.s of (B.l) 
to the form 

M{K-n -^ K-n) = \glgl e^'' ' e^'"' f d^x^d'^x^d^x^ ^iq' ■ xi+ip' ■ X2-ip ■ x^ 

Xu{p',a' )a(7^)ai6i {C-f^)a2b2 {l,^l^)ac2 {l,yl^)cAl'yC)a.ibs {l^)a^bMP^ (^)b 
X Op yXijh-^^ai ^p [ Xsjh^cs ^p [X2 Xl)c2ai 
X {0\T{di>{x2)a2dj'ix2)b2djix3)a3dk{x3)b.i)\0)c, (B.2) 

The requirement to deal with only connected quark diagrams prohibits the contraction of 
the -u-quark field operators Ue{xi)ai and ^^(0)54 and Uk'{x2)c2 and Ui{x3)c:y Contracting 
the (i-quark field operators we get 



O o o / ,/i ,/i ,/i in. nr. -L in 

2 



M{K-n -. K-n) = -glgl d^x,d^X2d% e^ 9 ' ■ a^i + ^P ' ■ 0:2 - ^p ■ 0:3 



Xu{p',a' )a(7^)ai6i {C-f^)a2b2 {lt^l^)ac2 {l,yl^)cAli'C)a3b3 {l^)aibMP, ^)b 
X Op [Xi)i)^a4 ^p ['~X3)b4C3 ^p [^2 ~ Xl)c2ai 
X[op {X2 — X3)b2a3 Jp {^2 ~ X3)a2b3 ~^ ^p {X2 ~ X3)a2a3 Jp {^2 ~ X3)b2b3\- (B-3) 

Summing over the indices we end up with the expression 

M(K-p ^ K-p) = -?,glgl j d'x^d^X2d% ^iq'-x,+ip'-X2-ip-x, 

xw(p',a')7V4"^(a:2-xi)7'4^)(a:i)7'4"Va^3)7.7'«(p,^) 

X tr{7''4")(a;2 - x^)^"" Sf {x^ - X2)}, (B.4) 

where we have used the relations C^7j = 7i^C and 

CSf{x2 - x^fC = -Sf{x3 - X2). (B.5) 

In the momentum representation the r.h.s. of (B.5) reads 

M{K-n^K-n) = ?>glgl 

/d^k 11 1 
— -^ m(p', a' )7V ^7' -7' f : -^"iMp, ^) 
l^^j ^ TJiu — ki nis — Ki — q m.u — ki — p + p 

d^k2 . r „ 1 „ 1 



^2 

X 



tr|7'^ :-Y ^ ^ rl- (B-7) 



{271^1 I 777,^-^2 TUd - k2 - ki + p 



The result of the calculation of momentum integrals within the procedure accepted in the 
Effective quark model with chiral f/(3) x f/(3) symmetry |20]-[22] is equal to 



M{K-n -^ R-n) = -(2m - m,) 



gl {qq) m 



7r2 F^ rriN 



X 



rUs + m 



m, — m L 



AS / A^ 

m? £nf 1 + ^ ) + (m^ - 2m^) £n( 1 + ^ 



TTli 



m' 



(B.8) 



where {qq) = — (252.630MeV)^ is the quark condensate, A^ = 940 MeV is the scale of the 
spontaneous breaking of chiral symmetry [201 122] • The parameter A^ " is given by 



aK n 



M{K n ^ K n) g\ (qq) m 2m — rris 



i7c{mK + m]\f) 



6Att^ F^ iTiN rriK + w^A^ 



X 



TUs + m 
rris — m 



A 2 A 2 

mlin (l + -^) + {ml - 2m^Yn f 1 + ^ ) = (0.221 ± 0.022) fm. (B.9) 



m: 



m^ 



A theoretical accuracy of this result is about of 10% 120)^1221 and 



Appendix C. Spinorial wave functions of n^ and NY 
pairs in the ^Si, ^Pi and ^Pi states 

In this Appendix we compute the spinorial wave functions of the pairs (rap)3Si, {NY)^-^^ 
and (A^F)iSi coupled in the ^Si, ^Pi and ^Pi states. 



1. (ni?)3s, pair 

In the quantum field theoretic approach the np in the ^Si state is described by the product 
of the neutron and proton Dirac bispinors 

N.^.,("^x)=u^{-K,an)lu{K,a,). (C.l) 

In terms of spinorial wave functions the wave function of the np pair reads |3] 



A^....('Si: 



w- 



-K,an)^u{K,ap) = 2mN xHcm) i(^2 ^ xi^Tp) , 



(C.2) 



where we have used the relation {a ■ k)a{a ■ k) = —k'^a + 2k{a ■ k). For different 
polarizations of the neutron and the proton in the np pair the wave function (C.2) has 
the following components 

iV+i/2+i/2(^Si) = u^{-K, +1/2)^ u{K, +1/2) = -2m;v(-4 -iey) = -2mjv v^ e+i, 

N-i/2^i/2(%)=u-{-K,-l/2)^u{K,-l/2) = -2mN{+e^-tey) = -2m^y2e_i, 



A^+i/2-i/2('Si) = u^{-K,+l/2)ju{K,-l/2) = -2mNe, = -2mNeo, 
N-1/2+1/2CS1) = u^{-K, -l/2)^u{K, +1/2) = -2mjve, = -2m;veo, 



(C.3) 
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where Cj {i = x, y, z) are unit orthogonal vectors of Cartesian coordinate system and 
e±i = T{(ix ± ^ey)/v^ and cq = e^ are cychc unit vectors of the spherical coordinate 
system, corresponding to the states with |^Si; 1, +1), |^Si; 1, —1) and |^Si; 1, 0) jHE], which 
describe the spinorial states of the np pair in the reaction K~{pn)3Si —* K~ {pn)3c,^. 
Thus, the wave functions |^Si; 1, \d) with X^ = 0, ±1 read 

iV+i/2+i/2('Si) = -2v^m^e+i = |=^Si;l,+l), 

iV_i/2-i/2('Si) = -2y2m^e_i = pSi;l,-l), 

-^ [N+1/2-1/2CS,) + iV_i/2+i/2(=^Si)] = -2V2 m;v eo = I^Si; 1, 0). (C.4) 

The result of the average over polarizations of the np pair in the ^Si state in ()4.10|) can 
be obtained as follows 

- Y^ [u{K, ap)^u\-K, an)] ■ [u^{-Q, (Xn)^u{Q, ap)] = 

(o-p,cr„;3Si) 

= ^ [(1, +1; ^SipSi; 1, +1) + (1, -1; ^Sil^Si; 1, -1) + (1, 0; ^Sil^Si; 1, 0)] = 8m%, (C.5) 

where we have used the normalization and orthogonality relations for the unit cyclic 
vectors [36] 

e±i ■ e±i = Cq = 1, 

e±i ■ eVi = e±i ■ Co = e±i ■ eo = (C.6) 

The equation (C.5) defines the result of the averaging over polarizations of the (np)3g^ 
pair for the derivation of the Ericson-Weise formula of the S-wave scattering length of 
K-d scattering KW\ . 

2. (iVy)3p^ pair 

The wave function of the NY pair in the state ^Pi, coupled to the np pair in the ^Si state 
near threshold of the reaction {NY)3p^ -^ K~{pn)za,^, we denote as 

iV^ia^CPi) = [M'=(fc,ai)7 7'«(-^,a2)]. (C.7) 

In terms of spinorial wave functions the wave function (C.7) reads [Sj 

A^aia2(^Pi) = M'^(fc,ai)77^w(-^,«2) = - 2i if^ {ai) 1(72 {k x a)ip{a2). (C.8) 

For different polarizations of the neutrons the wave function of the NY pair in the '^Pi 
state has the following components 

iV+i/2+i/2(^Pi) = u^{k, +l/2)^-i\{-k, +1/2) = -2i fc X (4 + iey) = i2^/2{k^ e+i), 

iV_i/2-i/2('Pi) = u-(k, -1/2)^ -i\{-k, -1/2) = +2ikx (4 -iey)=i2^/2{kx e_i), 
iV+i/2-i/2('Pi) = u-{k, +l/2)^^\{-k, -1/2) = -2i {k X e,) = -2i {k x cq), 
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N-1/2+1/2CP1) = u^ik, -l/2)775M(-fc, +1/2) = -2i {k X e,) = -2t {k x cq). (C.9) 

For the subsequent analysis it is convenient to use the expansion of the momentum k into 
cychc unit vectors. It reads 



A; = -/c+ieli - /i;_ie+i + /cqCo, (C.IO) 

where we have denoted jHSl 



kx + iky , 4:11^^ , k^ — iky , An 

^ y = k\ —Yi+i , k_i = + ^ ^ = k\ — 



-1 ) 



ko = k, = k^^Y,^o. (C.ll) 

Here Yi^m are spherical harmonics in the momentum space, describing the states with the 
angular momentum L = 1 and a magnetic quantum number M = 0, ibl jHHI- Using the 
relations [SE] 

e+i X e_i = zeo , Co X e±i = =Fie±i (C.12) 

we obtain 

— * 

k X e+i = + 2 fco e+i — i fc+i Co, 
A; X e_i = + z /co e_i — i A;_i eo, 

fc X Co = +i /i;+i e_i — i /i;_i e+i- (C.13) 

This gives the following components of the wave function of the NY pair in the ^Pi state 

iV+i/2+i/2('Pi) =M^(^,+l/2)77'w(-^,+l/2) = 2v^(A;+ieo- koe+i), 

N-i/2-i/2CPi)=u-ik,-l/2)i^M-k,-l/2)=2V2{k_,eo- koe^i), 
iV+i/2-i/2('Pi) = u^ik, +l/2)^^^ui-k, -1/2) = 2(A;+i e_i - k_, e+i), 
iV-i/2+i/2('Pi) = M^(^, -l/2)irH-k, +1/2) = 2(A;+i e_i - k^, e+i). (C.14) 

The wave functions (C.13) have the properties of the wave functions pPi; J, J^) with a 
total momentum J = 1 and J^ = 0, ±1. 

Thus, the wave function of the NY pair in the ^Pi state can be defined by 

iV+i/2+i/2('Pi) = n^(fc, +1/2)7 75M(-fc, +1/2) = 2V2(A;+ieo - koe+i) = |=^Pi; 1,+1), 
iV_i/2-i/2('Pi) = u^ik, -l/2)^^\(-k, -1/2) = 2v^ (A;„i cq - A;o e_i) = l^'Pi; 1, -1) 

^ [iV+i/2-l/2('Pl) + iV_i/2+l/2('Pl)] = 

= ^ [m-(A^, +l/2)775M(-fc, -1/2) + u^{k, -l/2)^^^u{-k, +1/2)] = 
v2 

= 2^2 (fc+i e_i - A;_i e+i) = I^P^; 1, 0). (C.15) 
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The product of the spinorial wave functions of the reaction {NY)3p^ -^ K~{pn)3s^, 
squared, summed over polarizations of the {NY)3p-^ pair and averaged over polarizations 
of the (np)3g^ pair, reads 

(CTp,o-„;''Si) {o2,Oi;^Pl) 

64 
= Y "^AT [(^+1 eo - ko e+iY + (/c„i Cq - Ajq e_i)^ + (A;+i e_i - /c_i e+i)^ ]. (C.15) 

Using the orthogonality and normalization relations (C.6) we get 



Q Zl Yl MK,ap)^u'{-K,an)]-[u'^{k,ai)^-f^u{-k,a2) 



|2 



3 

(CTp,(T„;3Si) {o2,oi;^Pl) 

This average value defines the S-wave amplitude of the reaction K~{pn)3s-^ -^ K~ {pn)3Q,^ 
saturated by the intermediate {NY)3-p^ state. 

3. (iVy)iPi pair 

The wave function of the NY pair in the state ^Pi, coupled to the np pair in the ^Si 
state near threshold of the reaction (A^y)ip^ — > _ft'^(pn)3s^, we denote as 

iV^ia^l'Pi) = [M^(fc,«i)7°7 7'«(-^,«2)]. (C.17) 

In terms of spinorial wave functions the wave function (C.17) reads jS] 

^^aiaal^Pi) = u^{k, ai)-f^^ -f^u{-k, a2) = 2ikip^{ai)ia2ip{a2). (C.18) 

According to the expansion (CIO) we can define three independent states |^Pi; J, Jz) of 
the (A^y)ip^ pair. They read 

I^Pi; 1, +1) = iV(+4(iPi) = -2t k+i y.^(«i) ta2 <^(«2), 

TPi; 1, -1) = iV(74(iPi) = - 22 A;_i y.^(«i) «a2 ^(^2), 
|iPi; 1,0)= N^t^CPi) = +2zko <^^(ai) 2^2 ^^{02). (C.19) 

Now we can calculate the average values of the squared matrix element of the reaction 
{NY)rp^-.K-ipn)3s,. 

The product of the spinorial wave functions of the reaction (A^y)ip^ -^ K~{pn)3s^, 
squared and summed over polarizations of the coupled particles and averaged over polar- 
izations of the {np)3s-^ pair, is equal to 

I Y Y Y MK,^p)lu%-K,a^)]-Mk,a,h'i^M-k,a2)]f = 

{o-p,CT„ ;-^Si) ai=±/2 a2=±^2 

= Y^nP Y Y \^^{c.^)^a2^{a2)\' = fm%P. (C.20) 

ai=±/2a2=±/2 
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Appendix D. Coupling constants of PBB, SBB and 
SPP interactions 

Phenomenological PBB interactions 

The Lagrangian of the phenomenological PBB interactions is defined by [Oj 

Cpbb{x) = V2(7tr{{5,z7^5}P} + v^/tr{[5,z755]P} = 

= ^/2{g + f) Bli^'BlP^ + ^(^g-f) Bli^'BlP^, (D.l) 

where g and / are phenomenological coupling constants, B^^{x), B^{x) and P^{x) {a{b) = 
1,2,3) are interpolating fields of the octets of light baryons and pseudoscalar mesons, 
respectively: 
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(D.2) 



where Bf = H , Bf = S+, P^ = tt^ and so on. For simplicity we identify the eighth 
component of the pseudoscalar octet ri{x) with the observed pseudoscalar meson 7/(550) 



m. 



In terms of the components of octets the Lagrangian (D.l) reads 

^pbb{x) = ^/2 {g + f) p{x)i'-)^n{x)Tx^{x) + V2 {g + f) n{x)ij^p{x)'JT^{x) 

+ {g + f) [p{x)i-y^p{x) — n{x)i'y^n{x)] n^{x) 
+2/ [S0(x)i7^S-(a;) - S+(a;)i7^S0(a;)] n+{x) 
+2/ [S~(x)i7^S0(x) - S0(x)i7^S+(x)] 7t-{x) 
+2/ [S+(x)z7^S+(x) - S-(x)?7^S-(x)] 7i°{x) 

+ ^^ [S+(x)i7^A0(x)7r+(x) + S-(x)i7^A0(x)7r^(a;) + S0(x)z7^A0(x)7r0(x)] 
V3 
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v3 
--^ ((7 + 3/) p(x)27'A°(x)ir+(x) + 4f (^ + 3/) K\x)i^''p{x)K-{x) 

— \= {g + 3/) n(x)z7^A°(x)K°(x) - ^ (^ + 3/) A°(x)i7^n(x)i?°(x) 
V 3 v3 

-(^ - /) i:^{x)i-f^p{x)K-{x) + {g- /)p(x)z7^S°(x)K+(x) 

-(^ - /) S°(x)i7^n(x)K°(x) -{g- f) n(x)i7^S°(x)is:°(x) 

+\/2 (^ - /) S+(x)i7^p(a;)i?°(a;) + ^2 (^ - /)p(a;)z7^S+(x)ir°(x) 

-y/2{g-f) i:-{x)i-f^n{x)K-{x) + V2{g-f) n{x)i-f^'i:-{x)K+{x) 

H — -= (3/ — (?) [p{x)i'y^p{x) + n{x)i'y^n{x)] rj{x) 
v3 

+4= ^ [S+(x)z7^S+(x) + S-(x)i7^S-(x) + fP{x)i-i^TP{x) - A°(x)z7^A°(x)] r7(x) + . . . 
v3 

(D.3) 

Following Nagels et al. and denoting g + f = g^NN and a = g/{g + /) we get 

Cpbb{x) = \/2g^NNp{x)ij^n{x)n^{x) + V2 g^NNn{x)i-f^p{x)n'{x) 

+gnNN [p{x)i'j^p{x) — n{x)i'j^n{x)] 7r°(x) 
+2 (1 - a) g^NN (S°(x)i7^S-(x) - S+(x)i7^S°(x)) 7r+(x) 
+2 (1 - a) g^NN [S-(x)i7^S°(x) - S°(x)i7^S+(x)] 7r-(x) 
+2 (1 - a) g^NN [S+(x)z7^S+(x) - E"(x)?7^S-(x)] 7v°{x) 

+ ^ag^NN [S+(x)i7^A°(x)7r+(x) + S-(x)z7^A°(x)7r-(x) + S°(x)z7^A°(x)7r°(x)] 
v3 

+ 4=a^^7Viv [A°(x)z7^S+(x)7r-(x) + A°(a;)z75S-(a;)7r+(x) + A°(x)i7^S°(x)7r°(x)] 
v3 

--^ (3 - 2a) f7.iV7vp(2;)z7'A°(a:)i^+(a;) + 4f (3 - 2a) g^NNA\x)ij'p{x)K-{x) 

— j= (3 - 2a)g^NNnix)il^A\x)K\x) - ^ (3 - 2a) ^^tv^v A°(x)i7^n(x)i?°(x) 
v 3 v3 

-(2a - 1) g^NN fP{x)i-i''p{x)K-{x) + (2a - 1) g^NNp{x)ii''TP{x)K+{x) 

-(2a - 1) g^NN fP{x)i-i^n{x)K^{x) - (2a - 1) g^^N n{x)i-i^TP{x)K^{x) 

+72 (2a - 1) g^NN S+(x)z7^p(x)ir°(a;) + ^2 (2a - 1) g^NNp{x)i^''^+{x)K\x) 

-72 (2a - I) g^NN^~ {x)i-i^n{x)K~ {x) + 72(2a - 1) ^^7Viv^(a;)i7^S~(x)is:+(x) 

H — ^ (3 - 4a) SfTrATAf [p(x)i7^p(x) + n(x)i7^n(x)] ■r]{x) 
v3 

+ 4= a^^iVTV [S+(x)i7^S+(a;) + t.- {x)i^^T.- {x) + S°(x)z7^S°(x) - A°(x)i7^A°(x)] 7]{x) 
v3 

+ .... (D.4) 

For numerical calculation we set gT^NN = 13.21 jSl] and a = 0.635 [33] (see also pi]). 
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Phenomenological SBB interactions 

The Lagrangian of the phenomenological SBB interactions can be defined as 

Csbb{x) = V2gstT{{B,B}S} + V2fstT{[B,B]S} = 

= V2{gs + fs) BlB^St + ^{gs- fs) BIbIS:, 
where S^ is a nonet of scalar mesons defined by 



(D.5) 



Si 



a 



K ' 



<^° ^ 

V2 V2 



\ 



\ 



K^ 



:d.6) 



-K K" as J 

where the meson field <j{x) and as{x) are isoscalar scalar fields with quark structure 

{uu + dd)/ \/2 and ss^ respectively. The interaction of the baryons with the cr-meson 

reads 

^sbb{x) = V2— — p{x)n{x)5~^ (x) + \/2— — n{x)p{x)5~ (x) 
Qa Qa 

+ — — \p{x)p{x) — n{x)n{x)] 5^{x) 

9A 

+2 (1 - a) ^^^^ (S°(x)S-(x) - S+(x)S°(x)) 6+ix) 
9a 

^^^^ [s-(x)s°(x) - s°(x)s+(x)] r (x) 

9A 



+2 1 -a 



+2 (1 - a) ^^^ [S+(x)S+(x) - S-(a;)S-(x)] 6%x) 
9a 

+ 2 ^ 9^N^ m+{x)X\x)6+{x) + S-(x)A°(x)r (a;) + fP{x)X\x)5\x)\ 
\/3 S-A 

^2 ^ ^^^ [AO(a;)S+(x)r (a;) + A°(x)S-(x)5+(x) + K\x)TP {x)6\x)\ 
V3 fi-A 

— ^ (3 - 2a) ^^^p(x)A°(x)fi:+(x) + ^ (3 - 2a) ^^^^ A°(x)p(x)/€-(x) 
V3 9a v3 fi'A 

-^ (3 - 2a) ^^^ n(x)A°(x)fi:°(x) - ^ (3 - 2a) ^^^ A°(x)n(x)fi:°(x) 
V3 ^A V3 ^A 

_(2a - 1) ^!I^ S°(s)p(x)fi:-(x) + (2a - 1) ^^^p(a;)S°(x)/€+(a;) 
5'A 9a 



9nNN ^0/ 



9nNN 



_(2a - 1) ^^Ililil S"(a;)n(a;)fi:°(a;) - (2a - 1 

9a 9a 



n(x)T,^(x)K^(x 



+\/2 (2a - 1) ^^^ S+(x)p(x)fi:°(x) + ^2 (2a - 1) ^^^p(x)S+(x)/t°(x) 



-72 (2a - 1) ^^^^S-(x)n(x)fi:-(x) + y2(2a - 1) ^^^^ n(x)S-(x)fi:+(x) 

fl'A 5'A 

+ — — \p{x)p{x) + n{x)n{x)] a{x) 
9a 

+2a ^^^ [S+(x)S+(x) + S-(a;)E-(a;) + S°(a;)S°(x) + - A°(x)A°(a;)] a(x) + . . . , (D.7) 
9a 3 

where the coupling constants are fixed as 9s + fs = 9-kNN /9a according to [37, ,38,. 
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Phenomenological SPP interactions 

A phenomenological SPP interaction we describe by the Lagrangian 

Cspp{x) = V2goii{S{x)P{x)P{x)} = V2go St{x)P,%x)P:{x), (D.8) 

where go is a phenomenological coupling constant which we fix below. 

In terms of the components of multiplets the Lagrangian Cspp{x) reads 

C-spp{x) = 

= go(T{x) (2'K+{x)7i-{x) + 7T'^{x)7f%x)-K+{x)K-{x) + K%x)K\x) + ^7]\x)) 

+ goK-{x) (V2n+{x)K\x)+n°{x)K+{x) - ^t]{x)K+{x)] 

+ goi^\x) (y2 7i-{x)K+{x)-n°{x)K°{x)-^r]{x)K\x) 

+ goK+{x) (V2 7T-{x)K\x)-'K\x)K~{x) + ^r]{x)K~{x) 
^ V 3 

+ goH^{x) (- V2n+{x)K-{x) - n%x)K%x) - ^r]{x)K\x 

+ go6+{x) (^7i-{x)i]{x) - V2K°{x)K-{x) 
^ V 3 

+9oS'{x) (^7T+{x)7]{x) + V2K+{x)K\x) 
+ goS\x) (^7i%x)r]{x) - K+{x)K-{x) - K%x)K%x) 

+ go(rs{x) ( - V2K-{x)K+{x) + V2K\x)K\x) ^'^n^x)). (D.9) 

According to the a-model we set g^ = m|/2F^, where ms is a mass of scalar nonet which 
we tend finally to infinity ms —>■ oo. This corresponds to a non-linear realization of chiral 
U{3) X C/(3) symmetry [11]. 

Appendix E. Amplitude of reaction (nA°)3p^ -^ (nA°)3p^ 

Summing up the diagrams depicted in Fig. 6 we obtain pT] 

[u{K , (Tp)-fiu''{-K , (Xn)] ■ [u^ik, ai)jj'j^u{-k, a2)] 

where D(„ao)3 (fc„Ao)*-' is equal to 
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ii . CnAO [ d^k ^ i r, 



1 



-^■?^5_ 



1 



. 1 . ' ' . 1 . 

niB — k P — iO uiB — k -\ — P — iO 



(E.2) 



In the center of mass frame of the nA*^ pair P = (2A/AJ^-|-m^, 0) = {2Eq,0). For 
simphcity we have used the averaged mass rriB = {iTij>^o + mjv)/2 = 1030 MeV. 

In the center of mass frame of the nA^ pair the amphtude D(„ao)3 (/c„ao)*"' is defined 

by 



^(nA0)3p {knAoY^ = 9^" 
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riAO 
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mB+{ko + ^Poh''~k-^ 



(^ko + ^Pof -El + tO (^ko-^Po)' -El + tO 
mB-(A;o-iPo)7° + ^-7]}, (E.3) 



X tr < 7 



where we have denoted Ej: = \J k"^ + m\. Integrating over directions of k and computing 
the trace over Dirac matrices we get 

-^(nA0)3p {knAoY^ = 



647r^ / TT^i 



where we have denoted 



Tfl D ~ K — In -\- Kn 



'B 



^ "'O 



1 \ 2 
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The integrand of (E.5) has four poles at 



(E.5) 



(A;o)i = --Po + ^fc-^0 , (A;o)2 = -^Po-^fc + ^0, 
(ko)3 = +lPo + E,:-iO , (A;o)4 = +iPo-^fc + ^0. 



(E.6) 



Integrating over /cq, folding the contour of integration to the upper semiplane, we get 

CnAO f d^k 
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2 ^ U2 , nJ7 J7 . , T72 _2 1 7:2 



^ + 647r3 Eo J E^ [ Eo + E^ + 



-Eo - Ez 



247r3./ E,^ E2_^2- 



(E.7) 



Subtracting trivially divergent integrals we obtain the regularized and renormalized am- 
plitude of nA° rescattering 



1 L-„AO 4 
1 :—^ k, 



I^(A:„A0)(„A0)3,^ - . - -^ .0 y^ ^^/^j^^^ ,2 _ ^2 • 
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(E.8) 



The integral over k can be computed analytically. The result reads 

r"^ dk 1 1 

Jo 
This gives 



v/A;2 + ml kl - k^ 2koE, 

^nAO k^ 



in ( — — I - Z TT 

Eo -fco 
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127r2 En 



^0 + A^o 

£n I — — ) - « vr 

Eq- ko 



(E.9) 



(E.IO) 



Thus, the amplitude /^-„„(^o) accounting for the rescattering of the nA° pair in the ^Pi 
state, is equal to 



fx-pni^ohPi 



1 



^nA" ^0 



127r2 Eo 



£n 



Ep + kp 
Ep-kp 



ITT 



(E.ll) 



For the reaction K {pn)3s^ -^ (nA°)3Pj the amplitude (E.ll) describes also the final state 
interaction of the nA^ pair in the ^Pi state. 



Appendix F. Amplitude of reaction (nA^)ip^ -^ (nA^)ip^ 



J* 



Summing up the diagrams depicted in Fig. 6 we obtain 

[u{K,ap)'jiU''{-K,an)] ■ [m'=(A;, ai)7°7j7^M(-fc, 0^2)] 

-^ [u{K, ap)-fiU%-K, an)] ■ [u^{k, ai)7%-7^M(-^, as)] (^("n AO)ip^ (fc„Ao))" , (F.l) 

where Z)(nAO)i (^nAo)*'' is equal to 

-D(„AO)ip {kriAoY^ = 



^,.^C..;('PO m,,.,,^,y 



647r2 



vr^i 



-^'^^■?'^^- 



m R — A; P — iO 

2 



w^B — fcH — P — iO 



(F.2) 

In the center of mass frame of the nA'^ pair P = {2^yk^+rn^,0) = (2Ep,0). For 
simplicity we have used the averaged mass niB = ijn^o + mAr)/2 = 1030 MeV. 
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In the center of mass frame of the nA" pair the amphtude D(„ao)j {knA^Y'' is defined 



by 



D 



(nAO)ip {Kao] 



9'' + 



X tr <; 7°7^ 



C„Ao(^Pi) fd'^k 



647r2 



1 



vr^i 



ko + ^Pof -El + tO (^ko-^PoY -El + tO 



mB+(ko + -Po)l^-k-^ 



-yoy 



mB-[ko-^Po)l' + k-j\Y (F.3) 



where we have denoted -Eg = y k'^ + m\. Integrating over directions of k and computing 
the trace over Dirac matrices we get 



9'' - 9'' 



,C„AoOPi) fd'k 



647r2 



TT^i 



where we have denoted 






-^(nAO)ip [knAo] 



ml + \k^-\p',+kl 



k^ + lp^y -El + iQ 

= D{knAo)(nAO)ip^ 9^\ 
D{knAo){nAOyip = 



ko-^Po)' -EJ + tO 



ml + lP-^P^ + kl 



ko + lPoY -El + tO 



ko-^Po) -El + tO 



The integrand of (F.5) has four poles at 



(F.4) 



(F.5) 



(A;o)i = -^^o + ^fc-^0 , {ko)2 = -^Po-E^ + iO, 
{ko)3 = +^Po + E^-iO , (A;o)4 = +iPo-^fc + ^0. 



(F.6) 



Integrating over /cq, folding the contour of integration to the upper semiplane, we get 

, , C„Ao(^Pi) fd^k 



-D(/i;„Ao)(„A0)3 



X 



m| 



k' 



p2 



1 n2 



167r3 
1 



Er 



ml + -k^ "=^ 



(^0 + E^y - Ei 



+ 



i^o + (^^°-^^^ 



(^0 - E^Y - Ei 



. , g.Ao(^Pi) /■rf3fc^ m| + -P + PoEg + E 
167r3 J i^a iP, + E^r-El 



m. 



, ■■^B^-k'-PoE^, + Ei 
+ ■ "^ 



^ aAo(^Pl) 1 fd'kf^B + 

647r3 Eoi ^a 






2 ' -k^ + 2E^Ei + El ml + ^k^-2EoEj: + El 



Eo + Ej; 

69 



+ 



(^0 - E^) 

1 

3 



^ 



i?n — Et 



CnA'i^Pi) fd^k k 



487r3 



E^ El -El' 



[F.7) 



Subtracting trivially divergent integrals we obtain the regularized and renormalized am- 
plitude of nA° rescattering 



-D(A;„Ao)(nAO)3p^ 



CnA"( Pi) ,4 

127r2 ''o 



dk 



1 



v/FT^A;2-A;2- 



(F.8) 



The integral over k can be computed analytically. The result reads 



dk 



1 



1 



v/A;2 + ml kl - k^ 2koEo 



in 



This gives 



n(k ) 1 ^"Ao(^Pi) fcg 



£n 



Ep + kp 
Eq -ko 

Ep + kp 
Ep-kp 



I TV 



I TV 



(F.9) 



(F.IO) 



247r2 Ep 

Thus, the amplitude /^^ „(^o) accounting for the rescattering of the nA^ pair in the ^Pi 
state, is equal to 



/^-pn(^o)lPi 



247r2 Ep [\Ep-kp 



I TV 



(F.ll) 



For the reaction K (pn)3s^ — > (nA'')3pj the amplitude (F.ll) describes also the final state 
interaction of the nA^ pair in the ^Pi state. 
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